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PREFACE

During the past forty years great advances have been

made in the methods of instruction in all branches of

applied mechanics, but httle or no change has taken place

in the manner of presenting the subject of rational

mechanics. This elementary volume is an attempt to

apply the best methods of appHed mechanics to the

development of the fundamental principles and methods

of rational mechanics. To this end, constant appeals

are made to experience, by which alone the laws of

mechanics can be established, numerous numerical illus-

trations are given, many queries and problems are stated

as exercises for the student, and a system of units is

employed with which every boy is acquainted.

The field of rational mechanics is so vast that no

book can present more than a part of the same. Even

the hmited course usually given in engineering colleges

is so difficult and appeals so little to the students' experi-

ence that few acquire a complete mastery of it. In the

opinion of the author there should be given in every

engineering college two courses in rational mechanics,

an elementary one during the freshman year in which

only as much mathematics is employed as is indispen-

sably necessary, and an advanced one after the comple-

tion of the course in calculus. It is the principles and

fundamental methods which are of the greatest value

and importance, and if no course in mechanics is given

P



4 Preface

until calculus has been completed, as is now generally the

case, the student is introduced to a wilderness of algebraic

matter in which these principles are largely obscured.

Fortunately the fundamental elements can be presented

without such advanced mathematics, and this book is

an attempt in that direction.

To read this volume with interest and profit, only a

knowledge of plane geometry, elementary algebra, and

plane trigonometry is required. It is intended for manual-

training schools, freshman classes in engineering col-

leges, and for young men in general who have the prepara-

tion just indicated. To all who may use the book, it is

strongly recommended that many numerical problems

should be solved, and that in so doing the actual forces

and bodies should be always kept in mind with the prin-

ciples that govern their relations. Forty lessons thor-

oughly mastered will form a solid substructure on which

applied mechanics may safely stand. If this be accom-

plished and an advanced course be later pursued, as

above advocated, it is believed that the interests of sound

engineering education will be materially promoted.

M. M.
Lehigh University, January 2, 1905.
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Elements of Mechanics

CHAPTER I

CONCURRENT FORCES

Article 1. Definitions

Mechanics is the science that treats of forces and of

their effects. Archimedes, a celebrated mathematician

and engineer, announced some of its fundamental prin-

ciples about 250 B.C., and these were greatly extended

by Galileo and Newton in the seventeenth century.

Mechanics is the foundation of modern engineering, and

works on applied mechanics treat mainly of engineering

problems. The principles and methods set forth in this

elementary volume are the foundation of all branches of

applied mechanics.

Force is manifested to our sense of feeling by pressure

and by tension; when the hand pushes a body pressure

is felt, when it pulls a body tension is felt. These applied

forces of pressure and tension will cause the body to

move if they are sufficient to overcome the resisting forces.

Force may arise from muscular effort, from gravitation,

from magnetic or electric action, from molecular attrac-

tion or repulsion, but elementary mechanics treats only

of the pressure and tension which it causes and of the

7



8 Concurrent Forces Chap, i

motions of bodies which it produces. This volume

deals with solid bodies only.

A force has both magnitude and direction. Its magni-

tude may be measured in pounds, the unit of magnitude

being the force exerted by gravity in London upon the

standard block of platinum called the pound weight; or

it may be measured in kilograms, the unit being the

force exerted by gravity in Paris upon the standard

block called the kilogram weight. Its direction is indi-

cated by the statement as to whether it acts toward or

away from a given body, and by the angle which its line

of action makes with a fixed line of reference.

Fig. 1 Fig. 2 Fig. 3

A force acting on a body may be represented on a

diagram by a straight line, the length of the line denoting

its magnitude, and the position of that Une with respect

to the body showing its line of action, while an arrow-

head gives its direction in that line of action. Thus, if

two forces of 12 and 23 pounds act toward a body A in

opposite directions, they may be represented as in Fig. 1

;

if they act away from the body in directions difiFering by

120 degrees, they may be represented as in Fig. 2. In

Fig. 3 the pressing force Pi acts toward the body and

the pulling force P2 acts away from it, the former making

the angle a\ and the latter the angle a-i with the fixed

line of reference AX.
The 'component' of a force in a given direction is

defined as a force represented on the given line of direc-

tion by the intercept included between normals drawn to
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it from the ends of the force-line. Thus, AB in Fig. 4

represents the component of the force P in the direction

AX. If a be the angle between the direction of P and

that of AX, the magnitude of the component is P cosa.

When the angle a is zero, then AB is equal to P; when a

is a right angle, as in Fig. 5, then AB is zero. Usually

the given line of direction is taken as either horizontal or

vertical, and the component is called the horizontal or

vertical component of the force, as the case may be.

Fig. 4 Fig. 5 Fig. 6

Forces acting upon a body are said to be 'in equih-

brium' when they are so arranged in magnitude and

direction that the body remains at rest.
"^ The simplest

case is that of a body on a horizontal table, the force of

gravity urging it downward and the pressure of the table

pushing it upward; since the body remains at rest these

two forces are in equilibrium. In Figs. 1, 2, 3, the

forces acting on the body A are evidently not in equi-

librium.

'Concurrent forces' acting on a body are those having

lines of direction which all meet at the same point. This

case is of great importance in engineering, and its funda-

mental principles are set forth in this chapter, with respect

to forces acting in the same plane.

The following problems should now be solved by the

student, the diagrams and solutions being neatly recorded

in ink in a special note-book devoted to this purpose. The

three-place trigonometric table at the end of this volume is

t-
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to be used when necessary and the final results of the

computations should be expressed by three significant

figures only.

PROBLEMS

1. What force must be applied in Fig. 1 to prevent motion?

2. Is it possible to produce equilibrium in Fig. 2 by apply-

ing another force? If so, give a sketch showing its approx-

imate magnitude and direction.

3. If the angles ai and 02 in Fig. 3 are each equal to a

right angle, in what direction will the body move when Pi

is 6 and P2 is 6^ kilograms?

4. In Fig. 4 what is the component AB when the force is

100 pounds and the angle a is 29 degrees? also when the

angle a is 134 degrees ?

5. In Fig. 2 what force acts on the body in a direction

toward the top of the page?

6. If P in Fig. 6 is 100 pounds, what is its component in

the direction OX when the angle a is 30 degrees ? also when a

is 60 degrees? also when a is 120 degrees?

7. Draw Fig. 3 so that (11 = 90 and 02=180 degrees, while

Pi= 43 and P2=32 pounds. What is the magnitude and

direction of the force acting toward the foot of the page?

8. In Fig. 5 suppose that P is 14. i pounds acting northward,

and that the direction AX is eastward, the plane of the paper

being horizontal. Compute the component of P which acts

in a northwest direction.

9. Draw six equal concurring forces, each making an

angle of 60 degrees with the next one. Are these forces in

equilibrium ? Why ?

10. When only two forces act upon a body, show that

motion will occur unless their magnitudes are equal, their

directions opposite, and their Unes of action in the same

straight Hne.
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Art. 2. Axioms or Laws

The science of mechanics, Uke that of geometry, is

founded upon axioms or laws, the truth of which is known

from the universal experience of mankind. The follow-

ing axioms are needed in this chapter, and others will

be found in Arts. 7 and 34.

Axiom 1. When only one force acts upon a body

it moves in a straight line in the direction of that force.

-Axiom 2. When two forces act upon a body it can-

not remain at rest unless they are equal in magnitude

and exactly opposite in direction.

Axiom 3. When a body is at rest under several

forces, each force is counteracted in its line of action

by an equal and opposite force.

Axiom 4. The effects produced by different forces

in their lines of action are proportional to the magni-

tudes of the forces.

Axiom 5. A single force exerts the greatest effect

in its line of action, and it exerts no effect at right

angles to its line of action.

Axiom 6. The effect of a single force in a direction

different from that of its hne of action is the same as

that of the component of the force in the given

direction.

At the first reading some of these axioms may not be

entirely clear to the student; if so, it is because his ex-

perience is limited and he should satisfy himself of

their truth by trying simple experiments. Two threads

attached to a smaU ball constitute an apparatus which

will fully illustrate the truth of the first, second, and

fifth axioms. The word 'effect' here means the pres-

sure or tension that is caused by the forces.
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The third axiom is the converse of the second and ex-

presses the law stated by Newton under the form "to

every action there is always opposed an equal reaction."

Thus, if a man pulls upon a rope attached to a post,

the post pulls upon the rope by the same amount and

in the opposite direction. Again, if in Fig. 7 the three

forces are in equilibrium, Fi and F2 produce a force

which is equal and directly opposite to F; also F2 is

equal and directly opposite to a force caused by F
and Fu

Fig. 7 Fig. 8 Fig. 9

The fourth axiom may perhaps not be immediately

accepted, because in physiology effects are often not

proportional to the magnitude of their causes. In the

mechanics of rigid bodies, however, no exception has

ever been found to this law. Thus, if the body in Fig. 7

remains at rest, one pound added to F always produces

the same increase in tension in Fi and F2 whatever be

the magnitude of these forces before the addition was

made. Or, if several forces act upon a body in the same

direction, each producing a pressure, the sum of these

effects is the final pressure.

The sixth axiom or law is less evident than any of the

others, but all experiments and all experience prove its

truth. Fig. 8 shows a ring free to move in a vertical

plane around the point where it is fastened to the vertical

post. Let this ring be pulled by the horizontal force H
and by the force P which is inclined at the angle a to
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the horizontal. If these forces are measured by spring

balances, it is found that their ratio is the same as that

of AC to AB; or if P is represented by AB, then will

the force which is equal and opposite to H be repre-

sented by AC, and hence the horizontal pull exerted by

P is equal to its horizontal component. Similarly in

Fig. 9 if AB represents the magnitude of F, then it is

found that the horizontal pull is represented hy AC
and the vertical pull by AD, and these represent the

horizontal and vertical components of P.

When a body is free to move, the word 'effect' means

the velocity which the body acquires under the action of

the forces, and the above axioms apply also, as will be

illustrated in Art. 34. The ball and string will also be

useful in making experiments where motion occurs.

PROBLEMS

11. If in Fig. 7 the force F is 50 pounds while Fi and F2
are each 25 pounds, what angles must Fi and F2 make with

F in order to secure equilibrium ?

12. What happens to the bo^dy in Fig. 7 if i^ is 10 pounds
while Fi and F2 are each 3 pounds?

13. If F2 in Fig. 7 is zero, what relations are necessary

between the magnitudes and directions of Fi and F in order

to secure equilibrium?

14. What horizontal pull does P produce in Fig. 8 if its

magnitude is 100 pounds and its angle of inclination is 31

degrees ? What vertical pull does it produce ?

15. If if is 50 pounds in Fig. 8, what is the value P when
the angle a is 44° 45'? also when the angle a is 1° 15'?

16. What horizontal and vertical forces must be applied

to the body in Fig. 9 in order to prevent motion, if P be 1000

pounds and a be 45° 15'?
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17. Seven men pull on a rope, each exerting the same force,

and the total tension is 490 pounds. What is the tension

when three of the men stop pulling ?

18. Compute the horizontal and vertical components of a

force of 1000 pounds when it makes an angle of 95° 30' with

a horizontal line.

19. In a horizontal plane a force of 33 pounds acts east-

ward and is held in equiHbrium by two equal forces act-

ing northwestward and southwestward. Find each of these

forces.

20. What is the tension in a rope when one end is tied to

a post and a man pulls on the other end with a force of 65

pounds? What is the tension in a rope when two men
each exerting 65 pounds, puU at opposite ends?

Art. 3. Components of Forces

Considering concurrent forces in one plane only, let

them be represented by lines acting away from the body,

and let the paper be held in a vertical plane. Forces

acting upward or downward may then be called 'vertical

forces' and those at right angles to them may be called

'horizontal forces.' Vertical forces and components are

taken as positive when acting upward and as negative

when acting downward; horizontal forces and com-

ponents are taken as positive when acting toward the

right and as negative when acting toward the left. Thus,

in Fig. 10, if the vertical forces Vi and V2 are 27 and 19

kilograms, they may be written +27 and —19, the sign

+ meaning that the former acts upward, while the sign

— means that the latter acts downward.

When a force P acts upon a body A, in. a. direction

making an angle a with a horizontal line, its vertical and
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horizontal components are represented by the distances

AC and AD in Fig. 9. The horizontal component may
be called H and the vertical component may be called V.

Since ABC is a right-angled triangle, these components

may be expressed by the formulas

H=Pcosa F=Psina

from which numerical values may be computed.

Fig. 10 Fig. 11 Fig. 12

One of the most common problems in mechanics is that

of the discussion of concurrent forces by the help of

their components. In Fig. 11 let ^X be a horizontal

line and AY sl vertical line drawn through a body A
subject to concurrent forces, each of which acts away

from the body. Let P be any force, and a the angle

measured from AX around to the hne of action of P.

Then P cosa is the horizontal component of P, which is

positive or negative according as cosa is positive or nega-

tive; also P sma is the vertical component of P, which is

positive or negative according as sina is positive or nega-

tive. For instance, if P is loo pounds and a is 120

degrees, then the horizontal component is —50 pounds

and the vertical component is+ 86.6 pounds; if a is 315

degrees, then the horizontal component is -f 70.7 pounds

and the vertical component is —70.7 pounds.

When the components H and V are given, the values

of P and a may be easily derived from the right-angled

triangle ABC in Fig. 9. Since AC^+BC^ equals AB^,
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and since BC/AC is the tangent of the angle a, it follows

tliat
p2=£r2 + 72 and tana =F/i2"

For example, let il be +5 and F be +12 pounds, then

P is 13 pounds and tana is 13/5 or +2.60, whence from

a trigonometric table a is found to be about 69 degrees.

Again, if il be —75 and F be +37J pounds, then P is

83.85 pounds and tana is —0.50, whence, by help of

the table, a is found to be 153° 26'.

Another problem is that of finding the component in a

direction not horizontal or vertical. In Fig. 12 let P be a

force making an angle a with the horizontal, and let it be

required to find its component in the direction AQ which

makes an angle b with the horizontal. By the definition

(Art. 1) this component is Pcos(a— &). For example, if

P be 100 pounds, a be 64 and h be 31 degrees, the com-

ponent in the direction AQis 100 cos 33° or 83.9 pounds.

The component perpendicular to the direction AQ is

Psin(a— 6), which for the same data is 100 sin 33° or

S4-S pounds.

Before beginning the numerical solution of any prob-

lem the student should always draw a diagram repre-

senting the given data. Unless otherwise stated the

forces are to be understood as acting away from the body

and the arrow-heads should be drawn accordingly. The
arbitrary use of formulas is to be avoided, and each prob-

lem should be worked out from reasoning based on its

diagram.

PROBLEMS

21. In Fig. 10 let the values of Hx and H2 be -I-75 and — 50

pounds. What force moves the body horizontally?

22. In Fig. 11 draw a force of 125 pounds acting away
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from the body and making an angle of 240° 15' with AX.
Compute its horizontal and vertical components.

23. If P be 100 kilograms and a be 270 degrees, what are

the vertical and horizontal components?

24. Draw a force of 10 pounds whose horizontal compo-

nent is +5 pounds, and whose vertical component is —8.66

pounds. What angle does it make with the horizontal?

25. A body weighing 2 pounds rests on a table and is acted

upon by a force of 8 pounds making an angle of 30° 15' with

the horizontal. What is the total pressure on the table?

26. In Fig. 12 compute the component in the direction AQ
when a is 93°, b is 3°, and P is 328 pounds.

27. Draw Fig. 12 so that a is 135° and b is 146°, and com-

pute the component in the direction AQ when P is 7.5 pounds.

28. If the horizontal and vertical components of a force

are —34.6 and +93.8 pounds, what is the magnitude of the

force ? What angle does it make with the horizontal ?

29. Find the magnitude of a force making an angle of

99 degrees with the horizontal when it is known that its vertical

component is 24.7 kilograms.

30. In Fig. 12 let P=ioo pounds and 6=13 degrees.

What is the value of a when the component in the direction

AQ is 60J pounds?

Art. 4. The Resultant of Forces

The 'resultant' of a system of concurrent forces acting

on a body is a single force that produces the same effect

in its direction as the given forces. If this resultant is o,

the forces are in equilibrium and the body remains at rest;

if a resultant force exists, the body moves in the direction

of that resultant. (Axiom 1, Art. 2.)

When several forces act upon a body A in the same

line and direction the sum of these (Axiom 4, Art. 2) is
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their resultant. If some act in the opposite direction

to others, the algebraic sum is the resultant. Thus in

Fig. 1 the resultant is +12-23= -ii, the minus sign

showing that the resultant acts toward the left.

Fig. 13 Fig. 14 Fig. 15

Horizontal components of concurrent forces are treated

exactly like forces acting in the same Hne, their algebraic

sum giving the resultant horizontal component, while

the algebraic sum of the vertical components gives the

resultant vertical component. For example, let it be

required to find the resultant horizontal component of

the three concurrent forces acting upon the triangle in

Fig. 13, their magnitudes being ^1=65, P2= 3i, P3 = ioo

pounds, and Pi being horizontal, while the angles are

^2= 37° 15' and 03= 153° 45'. By the method of Art. 3,

the separate horizontal components are

i3"i= iPicoso°= 6s(+i.ooo)= +65.0 pounds,

H2=P2 003^2= 3i(+o.796)= +24.7 pounds,

H^=P3 cosa3=ioo(— 0.897)=— 89.7 pounds,

and the algebraic sum of these is 0.0, showing that the

body has no tendency to move in a horizontal direction.

Let three component forces Pi, Pa, P3, as in Fig. 14,

act upon a body, the angles which they make with the

horizontal being fli, ^2, ^^a- Their horizontal and ver-

tical components are

i?i = Picosai i?2=P2Cosa2 fl'3=P3 cosaa

Fi= Pi sinai 1^2= P2 sino2 F3=P3 sinoa
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and the algebraic sum of the horizontal components is

the resultant horizontal component, while the algebraic

sum of the vertical components is the resultant vertical

component. Let the first algebraic sum be denoted by

IH and the second be denoted by SV , or

Let the values of IH and IV he computed and be laid

off as in Fig. 15. Then, as in Art. 3, it is clear that the

final resultant R and the angle a which it makes with the

horizontal are given by

and thus the resultant of the three forces Pi, P2, P3 is

fully determined in magnitude and direction.

As a numerical example let the following be the data

for three concurrent forces:

Pi= 200, P2= 1 50, P3= 250 pounds

ai= 59° 4S' 02=119° 4S' 03=249°3o'

The computation of the values of IH and IV may be

arranged as follows:

iiZ'i= 2oo( +0.504)= +100.8 Fi= 2oo( +0.864)= +1728
H'2=i5o(— 0.496)= —74-4 F2=iso( +0.868)= +130.2

f/3=2So(-o.35o)= -87.5 F3=25o(-o.937)= -234.2

IH= -61.1 IV= +68.8

The body is hence urged toward the left by a force of

61. 1 pounds, and upward by a force of 68.8 pounds.

The magnitude of the resultant and its direction are

next found:
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(^27)2=3733 i'F/2'fl"-68.8/6i.i check.

(2'F)2=4733 tanffl= — 1.126 510(1=0.748

i?3=8466 a=i3i°37' Rsma=+68.8
72=92.0 pounds

Here the last column gives a check on the computations.

After a has been found, sina is taken from the table

and multipHed by the value of R; the product should

be the same as the value of IV. Another check may
be applied by computing R cosa, which must be equal

in value to IH.
In using a three-place trigonometric table, hke that

given at the end of this volume, the final results of com-

putations cannot be reUed upon beyond the third signifi-

cant figure, since the last figure in the tables may be

uncertain by nearly half a unit. To make the third sig-

nificant figure of the final results as reliable as possible it

is best to carry the intermediate results to four significant

figures, as has been done above, but more than four

significant figures should not be retained, £is they add

nothing to the precision of the results.

PROBLEMS

31. If the three angles in Fig. 7 are equal, what is the value

of F when 7^1 = ^2=100 kilograms?

32. Compute the resultant for Fig. 10 if Vi and Hi are

each 301 pounds and V2 and H2 are each 291 pounds.

25. Compute the resultant vertical component for Fig. 13

with the data given above.

34. For Fig. 14 compute the resultant horizontal compo-

nent from the following data:

i'i= 200 pounds ^2= 150 pounds P3= 250 pounds

ai

=

144° i<i' ag= 234° oq' as= 3° 45'
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35. For the same data compute the resultant vertical

component.

36. For the same data compute the final resultant, its

angle of direction, and check the work.

37. If sina= 0.300, find the values of cosff and tana with-

out using the table.

38. What is the value of R when IV= +500 pounds and

0=150°?

39. The magnitudes of three concurrent forces are 25,

60, and 65 pounds. The first is hbrizontal, the second ver-

tical, and the third inclined to the horizontal at an angle

whose sine is —12/13 ^^'^ whose tangent is -I-12/5. Are

the forces in equilibrium?

40. In a horizontal plane four concurrent forces act on a

body, 19 pounds acting northeast, 48 pounds north, 12 pounds

west, and 60 pounds south. Compute the magnitude and

direction of their resultant.

Art. 5. Conditions of Equilibrium

When any number of concurrent forces act on a body,

each may be replaced by its horizontal and vertical

components. The algebraic sums of these and the

resultant R can then be found, as in Art. 4. If R has

any value different from o, the body moves in the direc-

tion of R. If R= o, the forces are in equilibrium and

the body remains at rest. The condition for the equi-

librium of concurrent forces hence is that these forces

shall have no resultant.

From Art. 4 it is seen that a resultant R exists whenever

both IH a,nd IV have values different from p. Hence

the sta|:ement that i? = o is the same as

^H=Q and IV=0
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which are algebraic expressions for the conditions of

equilbrium of concurrent forces. The first of these

states that the algebraic sum of the horizontal compo-

nents of the forces must be zero, and the second states

that the algebraic sum of the vertical components of

the forces must be zero. When both of these conditions

are fulfilled the forces are in equiUbrium and the body

remains at rest; when one or both are not fulfilled the

forces are not in equiUbrium and the body moves.

When several concurrent forces are in equilibrium

each force is equal in magnitude to the resultant of the

other forces, but it acts in the opposite direction, for

this is merely another statement of the third axiom of

Art. 2. Thus in Fig. 14, the resultant of Pi and P2

is equal to P3, but it acts in the opposite direction; the

resultant of P2 and P3 is equal to Pi, but it acts in the

opposite direction.

When it is known that a body is at rest the above

conditions of equilibrium may be used to find one of the

forces when the others are given. For example, in Fig. 16

let ifi = + 6200, fl'2=— 7300, Fi=+490o, and Vz
= —7500 pounds, and let 5 be an unknown force acting

away from the body and holding them in equilibrium;

since 5 cosa and S sina are its horizontal and vertical

components, the above conditions become

+6200— 73oo+5cosa=o +4900— 7Soo+5sina=o

from which S cosa= + 1 100 and S sina= + 2600. As these

are both positive, it is seen that a is less than 90°, and

5 sina/5 coso= +2.364= tana, whence from the table a

is found to be 67°, Also 8^ = 1100^+ 2,^00'^^ whence

^ = 3820 pounds,
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In the computation of stresses in bridge trusses, the

angle a is generally known and it is required to find S.

Fig. 17 shows forces or stresses acting at a joint of the

lower chord of a Howe truss, all being given in direction

and three in magnitude. The first condition of equihb-

rium for these concurrent forces is

+125 000— ^i cosss°— 93 000=0

from which 51 = 55 75° pounds. The second condition

of equilibrium is

'5'2-55 75° cos3S°-40oo=o

from which ^2 = 49 660 pounds. As a check on the work

the components of all the forces on the direction of Si

may be found and added together, thus:

(125 000-93 000) cos5S°+(49 660-4000) cos3S°-5s 750

The sum of these should be o, and on computation it is

found to differ from this by only about 10 pounds, which

is as close an agreement as can be expected with the use

of three-place tables.

ff 93000 Y 125000 120000 T 196000

K 1000 MOD

Fig. 16 Fig. 17 Fig. 18

PROBLEMS

41. Find the magnitude and direction of the resultant of

the two forces in Fig. 2.

42. If a force is to be applied in Fig. 2 to hold the two forces

in equilibrium, what is its magnitude and direction ?

43. A hgrigQiital and a yerticaj force ar? to be applied in
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Fig. 4 to secure equilibrium. What are their magnitudes and

directions ?

44. If J^i and F2 are equal in Fig. 7 and a be the angle

between them, find the magnitude of each for equilibrium.

45. In Fig. 9 let H be 42 kilograms and a be 30° 30'.

Find the values of V and P.

46. If the magnitudes of the forces given in Art. 4 for

Fig. 14 be doubled, what is the magnitude and direction of

the resultant?

47. Nine concurring forces in a horizontal plane have a

resultant which acts north by northwest. What is the direc-

tion of the force that will hold the nine given forces in equi-

librium ?

48. For Fig. 18 write out the two conditions of equilibrium.

49. Fig. 18 represents forces acting at a joint of the lower

chord of a Warren truss. Find the unknown forces 5i and 82-

50. Write for Fig. 18 an expression for the sum of the com-

ponents of all the forces on a line making an angle of 45° with

the horizontal, and compute Si from it.

Art. 6. The Parallelogram of Forces

Since forces can be represented in magnitude and direc-

tion by straight lines, it is possible to solve many problems

on the drawing-board, thus avoiding numerical compu-

tations. The force-lines are to be drawn in the given

directions and their magnitudes laid off to scale, and

then by certain operations their resultant may be found

or other required results be deduced.

The 'parallelogram of forces' is the name given to the

fundamental principles of these graphic operations.

It is as follows: If two forces P and Q acting on a body

be represented by two lines nieeting at a point, then their
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resultant is represented by the diagonal of the parallelo-

gram formed on the two force-lines. Thus, in Figs. 19

and 20, let op and oq represent the magnitudes and direc-

tions of two forces P and Q acting on a body at o, and

let the parallels p" and qr be drawn completing the paral-

lelogram oprq; then the diagonal or represents the mag-

nitude and direction of the resultant of the forces P and

Q. To prove this let op be taken as horizontal, let a

be the given angle poq, and b be the unknown angle par.

„^=:=i £1 1 yp 0-^ 'J'

Fig. 19 Fig- 20

Then the resultant horizontal and vertical components

of the given forces are

H=P+Qcosa V=Qsma

and hence, from Art. 4, the magnitude and direction of

the resultant are determined by the expressions

R2=P2+Q2+2PQ cosa ta.nb= Qsina/(P+Q cosa)

But, by geometry, since the lines oq and pr are equal

and parallel,

or'=op^+dq^+20p . oq cosa ta,nb^oq sma/{op+oq . cosa)

which are the same as before. Therefore or represents

the resultant of the two forces P and Q.

The same principle may be applied to find the resultant

of three concurrent forces Pi, Pz, Ps, as shown in Figs. 21

and 22. First, consider only Pi and P2 and let a hne be

drawn from the §nd gf each parallel to the other, then
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the line drawn from the point of intersection to the body

gives Ri as their resultant. Secondly, the force P3 and

the resultant Ri are combined in the same manner to

obtain R2, which is the final resultant of Pi, P2, -Pa- If

four or more forces are given, the same process may be

continued.

Since a force equal and opposite to the resultant holds

the others in equilibrium, the same method may be used

to find one of several concurrent forces in equihbrium

when the others are given.

Fig. 21 Fig. 22

If a single force be given and it be required to find

two forces acting in given directions which will hold it in

equihbrium, this can be done by the principle of the

parallelogram of forces. Let or in Figs. 23, 24, and 25

represent the given force in magnitude and position, and

let om and on be the lines along which the unknown

forces act. From r draw lines parallel to these direc-

tions, thus determining the points p and q. Then op

and oq represent the magnitudes of the forces which will

hold or in equilibrium. If or acts away from the body,

op and oq act toward it; if or acts toward the body, op

and oq act away from it in order that equiUbrium may
obtain.

The process of finding two forces to replace or hold in

equilibrium a single given force is called 'resolution';

this may be done by computation, using the properties of
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the triangle or parallelogram, and also by the conditions

of equilibrium in Art. 5. As an example of the first

method, let or in Fig. 23 represent the magnitude of the

given force R, and let it be required to find two forces P
and Q, acting in directions that make the angles b and c

with or, which will replace R. Constructing the paral-

lelogram oprq, it is seen that op and oq represent P and

Q, and from the triangles orp and orq,

P=R^^^ Q=R- '^^

sin(b +c) sin(6 +c)

from which P and Q may be computed. Or, if any

three quantities in these equations be given, the other two

quantities may be computed. These equations show

that, if c is equal to b, the forces P and Q are also equal,

each being ^R/cosb; if b and c be both nearly 90°, then

both P and Q are very large compared with R. It thus

appears that a small force R may require large pressures

or tensions to hold it in equilibrium.

Fig. 23 Fig. 24 Fig. 25

From the above discussion, since pr equals oq in Fig.

23, it follows that three forces in equihbrium can always

be represented by the three sides of a triangle. Thus if

AB and .4C be two sides of any triangle, the third side

BC represents the magnitude of a force which will hold

in equilibrium the two forces that are represented by AB
and AC.
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PROBLEMS

51. Draw Fig. 19 so that P=6 and Q=8 pounds, and

a=go degrees. Compute the values of R and b.

52. Draw Fig. 20 so that P=6 and Q= 8 pounds, and

a= 180 degrees. What are the values of R and b ?

53. If two forces, each of 1000 pounds, act away from a

body, the angle between them being 178 degrees, compute

the magnitude of force required to hold them in equilibrium.

54. For Fig. 23 show that P/(3=sinc/sinJ.

55. From this formula find the value of c when P=i2,
2=13 pounds, and 6=87°.

56. Draw three concurrent forces Pi= g, ^2=12, Pz=i^
pounds, acting toward a body and making the angles ^1=30°,

a2=go°, as=240° with the horizontal. Construct their result-

ant and measure its magnitude and direction.

57. For Fig. 19 show that i?=P cos6+Q cos(a— i). Also

show that Q= i? sinfi/sina , and P=Rsi.n{a—b)/s,ma.

58. If two forces are equal, show that their resultant bisects

the angle between them.

59. Two posts of equal height are 13 feet apart and a

thin cord, 16 feet long, joins their tops. A load of 100 pounds

hangs from the middle of this cord. Find the angle which

each part of the cord makes with its post. Find the tension

in each part of the cord.

60. In the last problem let the load hang at a distance of

5 feet from one of the posts. Compute the angle which each

part of the cord makes with its post, and the tension in it.
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CHAPTER II

PARALLEL FORCES

Art. 7. Dehnitions and Axioms

Concurrent forces acting on a body cause it to move

in the direction of their resultant, if a resultant exists.

This motion is in a straight line (Axiom 1, Art. 2) since

the resultant is equivalent to a single force acting upon

the body. Such motion is often called one of translation.

Another kind of motion is that called rotation, where

the body moves around an axis. In the case of a sphere

or wheel, rotation may occur around a fixed axis, the

body constantly remaining in the same portion of space,

whereas in translation it occupies at each successive

instant a new portion of space.

^3 ,

^
Fig. 26 Fig. 27 Fig. 28

An 'axis' is an imaginary fixed hne about which a

body rotates or tends to rotate under the action of forces.

Thus, in Figs. 26-28 the axis is perpendicular to the

plane of the paper and marked by the letter i. A force

having its line of action passing through i evidently has

no tendency to cause rotation around i. A force of

given magnitude evidently has the greater tendency to

produce rotation the further be its hne of action from

the axis; thus if Pi and P2 be equal in Fig. 27, the former

has a greater effect than the latter.
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The axioms stated in Art. 2 apply to parallel as well

as to concurrent forces. There are, however, additional

axioms or laws, applicable to both systems of forces, the

truth of which has been established by universal experi-

ence and experiment:

Axiom 7. A force whose direction passes through

an axis has no tendency to cause a motion of rotation

around that axis.

Axiom 8. The tendency of a force in causing rota-

tion is proportional to its magnitude and also propor-

tional to the shortest distance from the axis to its line

of action.

The student may convince himself of the truth of these

axioms by attaching several strings to a piece of card-

board, as in Figs. 26 and 27, laying the same on a smooth

table and using a pin for a vertical axis i. It will be

found that no rotation of the card will result under the

action of a single force P3 when its line of action passes

through i, and from Axiom 2 it is recognized that a force

equal and directly opposite to P.3 is brought into action

at the axis. If, however, the force Pi or P2 be applied

so that its line of direction is at the distance h or I2 from

the axis, rotation can easily be produced, and the more

easily the greater be this distance.

Fig. 28 shows another simple method of illustrating

Axiom 8. Let a bar be balanced upon a support at its

middle and a spring balance be used to connect its left

end to the floor so as to measure the force Q. If a load

of 12 pounds be applied at tlie right end, the force Q
will be found to be also 12 pounds; if, however, the same

load be applied at d, half-way between i and the right end

of the bar, the force indicated at Q will be 6 pounds.
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The 'moment of a force with respect to an axis' is

the product obtained by mukiplying the magnitude of

the force by the shortest distance from the axis to its

line of action. This shortest distance is often called the

'lever arm' of the force. Thus if P be a force and / its

lever arm, the product PI is the moment of the force.

By Axiom 8 the moment is a measure of the tendency

of the force to cause rotation about the axis.

Unless otherwise stated the given forces are taken in

the same plane and the axis is normal to that plane.

If there be several forces Pi, P2, P3, with lever arms

h, h, h, the moments of these forces with respect to the

axis i are Pih, P2/2, Pzh- Some of these may tend to

cause rotation around i in one way and some in the

opposite way. A moment tending to cause rotation

like that of the hands of a clock is taken as positive,

while one tending to cause rotation in the reverse way

is taken as negative. Thus, in Fig. 27, the moment Pih

is +, while P2/2 is — , and P3 has no moment because it

has no lever arm with respect to the axis i.

A moment is a compound quantity formed by mul-

tiplying a force by a distance. Its unit of measure is

hence one pound- foot, if the force be measured in pounds

and the lever arm in feet. Thus in Fig. 28, if Q be

6 pounds and its distance from i be 10 feet, its moment

is —60 pound-feet; if a load of 12 pounds be at d,

distant 5 feet from i,, its moment is -I-60 pound-feet.

Moments may also be expressed in pound-inches, kilo-

gram-meters, or gram-centimeters, when the data are

given in such units of measure.
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PROBLEMS

6i. In Fig. 27 let Pi = i2, P2=i8 grams, and h= 6, h=A
centimeters. What is the moment of each force with respect

to i, and which way will the body turn?

62. For the above case what must be the value of P3 in

order that equilibrium may prevail?

63. In turning a grindstone what influence has the dis-

tance of the handle from the axis ?

64. Let Fig. 28 represent a seesaw plank supported at its

middle, and Q a man weighing 240 pounds. How many
boys, weighing 80 pounds each, must be put at the right-

hand end in order to balance the man ?

65. Show that 10 pound-feet is equivalent to 138 254 gram-

centimeters.

66. Draw a square with two forces acting in opposite

directions along two opposite sides. What kind of motion

will result? What forces must be added to prevent this

motion ?

67. A man carries a load at the end of a pole placed on

his shoulder, balancing it by a downward pressure of his

hand. If that downward pressure is one-third of the weight

of the load, what are the relative distances of load and hand

from the shoulder?

68. If the bar in Fig. 28 weighs 40 pounds and Q is 150

pounds, what is the vertical pressure upon the support when
a load is put at d sufficient to cause equiHbrium ?

69. Draw Fig. 26 so that /i= 8 and ^2=4 centimeters,

and let ^1 = 27 kilograms. Find P2 so that equilibrium may
occur, and draw it in the proper direction.

70. What happens if a support be placed under a plank at

any other point than its middle? Why?
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Art. 8. The Principle of Moments

From the definitions and axioms of Art. 7, it is now

plain that, in Fig. 29, the tendency of the body to take

a possible rotation is indicated by Pih —P2h, since PJi

tends to rotate it like the hands of a watch, while P2I2

has the opposite tendency. If PJi equals P2/2, there is

no rotation about the axis i, and the body is in equilibrium.

This important conclusion, often called the 'principle

of moments,' may be formulated as follows:

If forces acting in one plane upon a body are in

equilibrium, the algebraic sum of their moments,

about any point in the plane, is equal to zero.

The term "any point," in the enunciation of this law,

is an important one. It refers not necessarily to an

actual axis, but to any point arbitrarily chosen; for if

the body be at rest, the forces have no tendency to cause

motion about any point, and the principle is true for

each and every point in the plane.

.-./^V

t
Fig. 30 Fig. 31

This principle, although derived from the considera-

tion of parallel forces, is equally true for concurrent forces.

To show this let Pi, P2, P3, in Fig. 31, represent three

concurrent forces in equilibrium, and let i be any point

in the plane. Join oi and let fli, 02, 0.3 be the angles

which Pi, P2, P3 make with oi. Then, by Art. 5, the
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algebraic sum of the components of the forces in any

direction is zero. Taking the line oi as horizontal in

direction, the algebraic sum of the vertical components

of the three forces is

Pi sinai+P2 sina2—P3 siDa3=o.

Now let the normals h, h, h be drawn from i to Pi, P2,

P3; then sma-i=li/oi, s\na2 = l2/oi, s,maz=h/oi. Sub-

stituting these in the equation, it reduces to

^1^1+^2^2-^3^3=0

which agrees with the principle of moments, and this

equation may be extended to include any number of con-

current forces ill the same plane.

When a system of parallel forces is in equilibrium,

their algebraic sum must be zero in order that no motion

of translation may result. The algebraic sum of their

moments about any point in the plane must also be zero

in order that there may be no motion of rotation. There-

fore, it follows that

i'P=o IPl=o

are the conditions of equiUbrium for parallel forces.

Here IP means Pi-I-P2 + P3-Fetc., and IPI means

Pi/i+P2^2+ P3^3 + etc., the summation being algebraic in

each case. Usually the forces are regarded as in a ver-

tical plane, so that for IP upward forces are positive and

downward ones are negative as in Art. 3, while for IPl

the signs of the moments are positive or negative accord-

ing to the convention in Art. 7.

These two conditions enable two unknown quantities

to be determined when all the others are known. Fo^

instance, let two loads of 120 and 100 pounds be placed



Art. 8 Principle of Moments 35

upon a beam, as shown in Fig. 32, and let it be required

to find the upward pressures of the supports that will

hold them in equiUbrium. The first condition gives

-P1+-P2 — 120 — ioo = o. Taking an axis at the right end,

the second condition gives P1X12 — 120X6 — 100X3 = 0.

From these two equations are found Pi = 85 and P2= i3S

pounds.

As a second example, take the bar in Fig. 33 and let it

be required to find the force Pi and the distance h which

are necessary for equilibrium. The first condition gives

+ 20+ Pi — 80— 60 = o, from which Pi = 1 20 pounds. The

second condition, taking an axis at the left end, gives

80X4+60X12 — i2oX/i=o, from which /i = 8f feet.

% pj
SOV—--!,-—

-*f^

Fig. 32 Fig. 33

In the solution of problems of equiUbrium it is imma-

terial where the axis of moments be taken, as the princi-

ple of moments is true for every point in the plane. Thus,

in the last example, if the axis be taken on the line of

action of Pi, the equation is 20/1 — 8o(/i —4) -1-60(12 —li)

= 0, from which /i=8f feet. It is usually preferable to

take the axis on the line of action of one of the forces, as

the moment of that force is then zero, and the equation is

simplified.

PROBLEMS

71. Draw Fig. 26 so that 13=0, ^2=2, and l\ = 2^ inches.

In which way will rotation occur when Pz=6, P2=S, and

Pi = 4 pounds?

72. Which way will rotation occur in Fig. 30 when ^4=8,
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h=4, h=o, 4=8 inches, and Pi = T, -P2=8, ^3=25, ^4=10
pounds ?

73. In Fig. 31 take a point on the line of direction of P3

and write the equation of moments.

74. In Fig. 33 let Pi = 120 pounds and /i= 8 feet. Will

the body rotate in the positive or in the negative way ?

75. In Fig. 9 show, by taking moments about C, that

H sina— V cosa=o is necessary for equihbrium.

76. Draw a beam with supports at its ends and a load

of 60 pounds at 3 feet from the left end. If the length of the

beam is 18 feet, find the upward pressures of the supports.

77. A wheelbarrow has a load of 200 pounds at a horizontal

distance of 12 inches from the wheel and 21 inches from the

end of the handles. ^Tiat part of the load comes on the

wheel and what part is lifted by the man ?

78. Two men carry a load by means of a Hght bar, one man
being at each end. If one man bears 80 pounds and the other

40 pounds, find the load and where it is placed on the bar.

79. Three men carry a load by means of a light bar, two

men being at one end and one man at the other end. If

each man lifts 35 pounds, find the load and where it is placed

on the bar.

80. Change Fig. 32 so that the beam projects 5 feet beyond

the right support, and at that end let there be an additional

load of 203 pounds. Compute the upward pressures Pi
and P2-

Art. 9. The Resultant

The 'resultant' of a system of concurrent forces is

found by the methods of Art. 4 in magnitude and direc-

tion. This resultant has the same effect as the given

forces not only in regard to translation, but also in regard

tp rotatipn. Hence, referring to Fig. 34, if i be any ajps
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normal to the plane of the forces Pi and P^, and h and h
be their lever arms with respect to this axis, the ten-

dency of the forces to cause rotation is expressed by the

sum of the moments, or P\h + Pih- Let R be the result-

ant and c its lever arm, then its tendency to cause rota-

tion is expressed by the moment Re. Hence

Rc=Pih-\-P2l2

and this may be easily extended to include any number of

forces. Accordingly the following important principle

may be stated:

The moment of the resultant of several forces in

the same plane is equal to the algebraic sum of the

moments of the forces about any axis normal to the

plane.

This formula and principle is also readily deduced from

Fig. 31 of Art. 8, since Pz if reversed in direction is the

resultant of Pi and P2.

••^_- -!j-",--jA
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any axis normal to the plane of the parallel forces in

Fig. 35, the above equation gives the relation between

the naoment of the resultant and the moments of the

forces.

The 'center Une of a system of parallel forces' is the

line in which their resultant acts, and its distance c from

any assumed axis is given by the above equation for the

case of two forces. If there are several forces F\, P2, P3,

etc., their moments are Pih, P^i, Psh- The resultant

is the algebraic sum of the forces IP, and the moment of

the resultant is the algebraic sum of the moments of the

forces. Hence the two formulas

R=IP Rc=IPl

express the rules for finding the resultant and the center

line of any system of parallel forces. In applying these

rules the same conventions regarding signs of forces

and signs of moments are to be used as in Art. 8.

In finding the center line the axis of moments may
be taken at any convenient point; if it is taken on the

Une of action of one of the given forces, that force has

no lever arm, its moment is o, and hence the numerical

work is simplified. For instance, in Fig. 36 the resultant

R is 15 + 20— 8 — io=+i7 pounds and it acts upward.

Taking the axis underneath the left-hand force, the equa-

tion of moments is — i7c = 8X3+ ioX9 — 20X7, from

which c= -I-1.53 feet, which shows that the center line is

1.53 feet to the right of the assumed axis. If the axis

is taken at the left end of the beam, the moment equa-

tion is — i7c = 8XS + ioXii—15X2— 20X9, from which

£=-1-3.53 feet, which gives the same position for the

center line as before.
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88. Four parallel forces Pi=+io, P2= +i6, P3=-i8,
/'4= — 20 pounds are spaced equally distant. Find their

resultant and center line.

89. The side of a car is 30 feet long and 8 feet high, and

the wind blows against it with a pressure of 25 pounds per

square foot. Where are the center lines of the wind pres-

sure, and what is the total pressure ?

90. Prove that it is impossible for three forces to be in

equilibrium unless their hnes of direction meet in a common
point. Is it possible for four forces ?

Art. 10. Couples

A ' couple ' is a system consisting of two equal and

opposite parallel forces not acting in the same straight

line. Thus, in Fig. 38, there is shown a couple acting

on the opposite sides of a square, and it is plain that this

couple will cause the square to rotate in the positive

or clockwise way. In Fig. 39 the couple causes rotation

in the negative way. In Fig. 40 there are two couples,

one tending to cause positive and the other negative

rotation; here equiUbrium can be secured if the forces

are of the proper magnitudes.

A couple has no resultant, for in both Figs. 38 and 39

it is seen that R =P—P= o. In Fig. 40 the algebraic

sum of the horizontal forces is Pi—Pi = o, and the alge-

braic sum of the vertical forces is P2—P2 = o; hence two

couples acting on a body have no resultant. There is,

therefore, no tendency to a motion of translation when
couples act on a body, but if motion results, it is one of

rotation.

The ' moment of a couple ' is the magnitude of one of

the equal forces multipHed by the shortest distance be-
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tween them. To show this let d be the distance between

the forces in Fig. 38, and let i be an axis of moments at

any distance e to the right of the right-hand side of the

square. The algebraic sum of the moments with re-

spect to this axis is P{d+ e)—Pe, which is equal to Pd.

If the axis is taken between the forces, say at the mid-

dle of the square, the algebraic sum of the moments is

PX^d+Px^d, which is also equal to Pd. If the same

reasoning is applied to Fig. 39, the moment will be

found equal to —Pd, the negative sign indicating negative

rotation.

-d-^t e-f e-d—

?

d^

Fig. 38

p

Fig. 39 Fig. 40

When two couples act on a body tending to turn it in

opposite ways, the body will remain at rest if the alge-

braic sum of the moments of the couples is zero, for then

there is no tendency to rotation. Thus in Fig. 40 the alge-

braic sum of the moments about any axis is Pidi—P^d'^;

if the forces and distances have such values that this is

zero, then equilibrium prevails. In this case P1/P2

must equal d2/di, or the forces of the couples are in-

versely as their lever arms. For instance, if Pi is ten

times P2, then di is one-tenth of d2.

When a system of parallel forces is found to have no

resultant, it does not follow that they are in equilibrium,

for the given forces may reduce to a couple that causes

rotation. For example, in Fig. 30 let Pi= — 8, P2= —
9,

P3= + 24, P4=— 7 pounds, while /j=6, /2=3) h=<)
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inches. Here i?= -24+ 24 = 0, so that there is no ten-

dency to a motion of translation, but the equation of mo-

ments with respect to the axis f is —8X6-9X3 + 7X6,

which equals —33, showing that the forces will cause

negative rotation to the same extent as a couple whose

moment is —33 pound-inches. Such a couple might

consist of forces of 3 pounds which are 11 inches apart,

or forces of 6 pounds which are 5^ inches apart, or of

any other forces such that the product of one of them

and the distance between them is —33 pound-inches.

Three forces having lines of action not meeting at

one point cannot be in equilibrium, for they may be

reduced to a couple, even when the algebraic sum of

both the horizontal and vertical components is zero.

To show this, draw a figure in which the force Pi is taken

as horizontal and let P2 and P3 intersect a,tA. If 111= o,

the algebraic sum of the horizontal components of P2

and P3 is a horizontal force acting at A which is equal

and opposite to the force Pi, but as these are not in the

same straight line, a motion of rotation ensues. The

moment of this couple is equal to Pi multiphed by its

lever arm with respect to A.

PROBLEMS

91. In appl5fing the formula Rc= IPl to the case of Fig. 36

what value is found for c ? Why ?

92. Which way does the body in Fig. 40 turn when

Pi= P2=i3i pounds, di = 2 inches and (^2=1^ inches?

93. When a force is applied to the handle of a grindstone,

where is the other force of the couple ?

94. Why is a screw-driver with a long handle easier to use

than one with a short handle?
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95. A horizontal force of 18 pounds acts eastward and one

of 16 pounds acts westward on a body. What kind of motion

does the body have if the forces act in the same line ?

96. What kind of motion does the same body have if the

distance between the lines of action of the two forces is 3

inches ?

97. Draw a triangle whose sides are 3, 4, and 5 inches.

Let forces of 6 and 8 pounds act along the first and second

sides tending to cause positive rotation, and a force of 10

pounds along the third side tending to cause negative rota-

tion. Do these forces cause a motion of translation ?

98. If an axis be put at the middle of the shortest side of

this, triangle, in which way will rotation occur around it ?

99. Draw three forces acting upon a body and not meeting

at the same point. What kind of motion will-result?

100. Explain the forces which cause the rotation of a wagon

wheel when a horizontal pull is exerted upon the wagon.

Art. 11. Non-concurrent Forces

When several forces in the same plane act upon a

body, they are most conveniently discussed by resolving

each force into its horizontal and vertical components,

thus reducing them to two systems of parallel forces at

right angles to each other. For example, let Fig. 41 rep-

resent four forces applied at the corners of a rectangle;

resolving these forces into their horizontal and vertical

components, the two systems of parallel forces in Fig. 42

are found, and these must produce the same effect upon

the body as the given inclined forces.

If the given forces do not meet at the same point, they

are called 'non-concurrent,' and the conditions of equi-

librium stated in Art. 5 are not sufficient, since they
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might be fulfilled and rotation still result. If H and V
represent the horizontal and vertical components of a

force, the conditions IH= o and IV = o state that no

motion of translation occurs. Let P be any force and I

its lever arm with respect to any point i in the plane;

then IPl=o expresses the condition that there shall be

no rotation (Art. 8). Accordingly

IH=o, IV=o, IPl=o

are the conditions of equilibrium for non-concurrent

forces in the same plane.

^2,
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For a system of concurrent forces it was shown in

Art. 8 that the third of the above conditions is satisfied

if the first and second are satisfied. For a system of

non-concurrent forces, however, it may happen that

the first and second conditions are fulfilled while the

third is not; in this case rotation of the body will occur.

If.the second condition is satisfied and the others not, the

body will have a horizontal motion of translation and

also one of rotation.

These conditions may be used to determine whether

a given system of forces is in equilibrium or not. If

the system is known to be in equilibrium, they may
be used to find unknown forces, directions, or lever

arms, provided the number of such unknown quantities

does not exceed three. In these computations it is always

most convenient to use the horizontal and vertical com-

ponents of the forces instead of the inclined forces them-

selves, that is, to consider the given forces as replaced

by two systems of parallel forces.

For example, consider the two systems of parallel

forces acting at the four corners of the square in Fig. 44.

The algebraic sum of the longitudinal forces is zero and

hence there is no horizontal motion. The sum of the

vertical forces is zero and hence there is no vertical motion.

Taking an axis of moments at the upper right-hand cor-

ner, the equation of moments is —8d — i2d= o, where

d is the side of the square, and hence there. exists the

moment —2od which will cause the square to revolve

in the opposite direction to that of the hands of a

watch.

As a second example let a plate 8 inches long and

3 inches wide be placed in a vertical plane, as in Fig. 45,
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and be subject to the known horizontal force Pi, the

known vertical forces P2, P3, and the unknown forces S,

T, U, T acting in the directions and positions shown.

The first and second conditions of equilibrium give

Pl+T-S=0 P2~P3+U=0

while the third, taking the axis at the lower left-hand

corner, gives

Pi.ii+P2.o+P3.4-S.3-U.S+T.o=o

from which are found the values

S=hPl+^P2-iP3, r=-iPi+|P2-|P3, U^Ps-P2

Thus if Pi = 6, P2 = 9, P3 = i2 pounds, the values of

the other forces must be 5 = ii, ^ = 5, U = 2 pounds in

order to insure equilibrium.

.14 12i l^t
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-Pi.ii+P2.8-P3.4+S.o~T.s+U.o=o

from which T is directly found. By the successive appli-

cation of the condition IPl= o, it is often possible to

find all the unknown forces without using the first and

second conditions, but these must also be satisfied in all

cases of equilibrium, and hence checks upon the com-

putation can be had.

PROBLEMS

loi. Write the first and second conditions of equilibrium

for the five forces in Fig. 43, where P4 makes an angle of 30°

with the vertical.

102. For thd last problem let P5=ioo pounds. Find the

value of Pi so that there shall be no motion in a vertical

direction.

103. Using the above values and letting ^3=65 and ^2= 5°

pounds, find the value of Pi so that there shall be no motion

in a horizontal direction.

104. Using the above values of the forces, let P2 be applied

at 2 inches above the base of the square and P3 at the dis-

tance X below the top. Taking the side of the square as

12 inches, compute the value of x which is necessary to pre-

vent rotation.

105. Draw a triangle whose sides are 3, 4, and 5 inches,

and let a force act at the middle of each side and normal

to it. Show that, for equilibrium, these forces must be

proportional to the numbers 3, 4, 5.

106. If three non-concurrent forces act upon a body, show,

by taking an axis of moments at the intersection of two of

the forces, that rotation will result.

107. Explain how rotation in the last problem can be

prevented by introducing a fourth force.

108. 109, no. Three problems taken from other books

may here be introduced for discussion and solution.
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Art. 12. Parallel Forces in Space

In the preceding articles parallel forces in one plane

have been considered, and the important case of parallel

forces in space will now be discussed. Fig. 46 represents

a simple instance where four parallel downward forces

act at the four corners of a square which is in a horizon-

tal position. If these four forces are to be held in equi-

librium by a single upward force R, its value must be

Pi+Pz+ Ps + Pi- In general, also, the force which holds

in equilibrium any number of parallel forces in space

must be equal to their algebraic sum, and this force when

reversed in direction is the resultant of the parallel forces.

Fig. 47 Fig. 48

In order to find the line of action of this resultant, a

plane is to be passed normal to the given parallel forces,

and two axes be drawn in this plane at right angles to

each other. In the case of Fig. 46 the two Unes AB and

AC a.t right angles to each other are chosen as axes. If

the five forces shown are in equilibrium, they have no

tendency to turn around the axis AB and also no ten-

dency to turn around the axis AC. The sum of the mo-

ments of the forces with respect to each of these axes

must hence be equal to zero. Let I be the side of the

square, ci the shortest distance from R to AB, and C2 the

shortest distance of R from AC. The equation of mo-
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ments with respect to the axis AB is then P^l+Pil—Rci
= o, the moments of Pi and P2 being zero because they

he upon AB. Similarly the equation of moments with

respect to the axis AC is P2l+ Pzl—Rc2 = o. These two

equations determine the position of the force R with

respect to the axes of reference AB and AC. For exam-

ple, let Pi = 6, ^2 = 7, P3 = io, Pi=ii pounds, and the

side of the square be 12 inches. Theni?= 34 pounds,

and its line of action passes through the point c, which is

7.41 inches from AB and 6.00 inches from AC.

When forces in one plane are discussed their tendency

to rotate about a point need alone be considered, but

parallel forces in space require, the consideration of the

tendency to rotate about two axes. The moment of a

force with respect to an axis lying in a plane normal to

the force is the product of the force by the shortest dis-

tance from the axis. The conditions of equilibrium for

parallel forces in space are hence three in number: first,

that the algebraic sum of all the forces shall equal zero;

second, that the sum of the moments of the forces with

respect to an axis in a plane normal to the forces shall be

zero; third, that the sum of the moments of the forces

with respect to a second axis in the same plane and at

right angles to the first one shall also be zero.

PROBLEMS

111. Fig. 47 represents a triangular table with a leg at

each corner. If a load P is placed at the center of gravity

of the table, what part of P is borne by each leg ?

112. In Fig. 46 let Pi =P2=Pz= (> pounds, and ^4=0.

Find the magnitude and position of the resultant.
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113. In Fig. 46 let Pi, P2, P3 be each equal to 6 pounds,

and Pi be 8 pounds acting upward. Find the magnitude

and position of the resultant.

114. Let Fig. 48 represent a thin sheet of tin in the shape of

a parallelogram. If it be in a horizontal position, show that

there is no tendency to turn about the diagonal AD.

115. If a single upward force be applied to balance this

tin parallelogram, show that it must be put at the intersection

of the two diagonals.

116. At the three vertices of a horizontal equilateral triangle

there act forces of 10, 10, and 5 pounds. Find the position

of the force that will hold them in equilibrium.

117. Solve the last problem, taking the three forces as

5, 5, and 10 pounds; also as 7, 8, and 9 pounds.

118. If a horizontal wind pressure of 35 pounds per square

foot acts against the side of a car 8 feet high and 30 feet long,

what is the magnitude and position of the resultant?

119. A horizontal triangle ABC has AB= 12 feet, AC=$
feet, and BC= 13 feet. If three equal forces are placed at

the three vertices, find the distances of their resultant from

AB and AC.

120. In the same triangle, let AD be a Une drawn from

A to the middle of the opposite side, and let £ be a point on
this hne such that DE is one-third of AD. If equal loads be

placed at the three vertices, show that their resultant passes

through E.
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CHAPTER III

CENTER OF GRAVITY

Art. 13. Definitions and Principles

The force of gravity acts downward upon all bodies

at the surface of the earth and, since the earth is very

large compared with the bodies to be considered, the hnes

of action of the forces exerted by gravity upon all the

particles of a given body are sensibly parallel. The
resultant of all these forces of gravity is equal to the

weight of the body, and the line along which this re-

sultant acts passes through a point called the 'center

of gravity of the body.' For example, if a coin be bal-

anced upon its edge, the resultant of all the forces of

gravity passes through the axis of the cylinder; if it be

held in a horizontal position, the resultant coincides with

that axis. The center of gravity of a coin hence lies

half-way between the center of its two circular faces.

Since the resultant of any number of forces may be

held in equilibrium by an equal and opposite force, it

follows that a body may be balanced upon a point placed

vertically above or below it. For instance, if a thin

sheet of cardboard or metal be held in a horizontal posi-

tion, a point may be found by trial upon which it may

be balanced by a pin there placed, and the center of

gravity of the sheet is just above the point of the pin.

The following definition of the center of gravity will

generally be used in computations:
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The center of gravity of a body or system of bodies

is a point where the resultant weight may be concen-

trated and have the same tendency to rotate about any

axis as the actual distributed weight.

For example, take the line of eighteen equal particles

spaced at equal distances apart in Fig. 49. In order to

find the center of gravity c from the above definition,

let w be the weight of each particle and d the distance

between the centers of two consecutive ones. The re-

sultant being i8w and the total length I'jd, the principle

of moments gives, for an axis at A, the equation

i8wX^C=wX(i+wX2(f-fwX3(i+wX4(i+ . . . +wXi']d

from which AC equals 2,'^d, that is, the center of gravity

of the particles is at the middle of the line.

A C B .1 C B
CXXIOOOCOOCXXXJOOOOO I I

Fig. 49 Fig. 50

The above definition may also be stated in a different

way, namely: The center of gravity of a body or bodies

is a point such that there is no tendency to rotation about

any axis drawn through it. Thus, for the bar in Fig. 50,

the downward forces of gravity will cause rotation about

any axis except one passing through the middle, since

the moment of the weight on one side will be greater

than the moment of the weight on the other side. The

center of gravity of any horizontal bar of uniform cross-

section and material hence lies at its middle point.

A line, or an area, or a geometric volume has no weight

and hence no center of gravity, but it is customary to

consider thein as having weights proportional to their
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magnitudes. A line may represent a bar of uniform size,

an area a sheet of metal, and a volume a solid body.

In speaking of the centers of gravity of geometric figures

it is hence understood that they represent the centers of

gravity of matter uniformly distributed along the line,

over the area, or throughout the volume.

The last definition above given shows that, when a

straight fine can be drawn so as to symmetrically divide

a geometric figure, its center of gravity lies on that line,

since the action of parallel forces can have no tendency to

cause rotation about such an axis. Thus the center of

gravity of an arc of a circle lies on a radius bisecting it,

the center of gravity of a square lies on its diagonal, and

the center of gravity of a right cone lies on the line joining

the vertex with the center of the base. If a geometric

figure has two lines of symmetry, the center of gravity

must be at their intersection; thus the center of gravity of

a rectangle is at its middle point, and the center of grav-

ity of a sphere at its geometric center.

The terms ' center of mass ' and ' centroid ' are fre-

quently used instead of center of gravity, because this

point is frequently to be considered in other connections

than that of weight. In all cases, however, this impor-

tant point is on the line of action of the resultant of paral-

lel forces. The earth and the moon constitute a system

of bodies which has, in the usual sense, no weight, but

it has a centroid.

PROBLEMS

121. Where is the center of gravity of the circumference of

a circle? of the area of a circle?

122. Three equal spheres lie upon the same straight line,

the distance b?tw?en the ^enters of the first and the secon4
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being 35 feet and that between the centers of the second and

third being 7 feet. Find their center of gravity by the method

of Art. 7.

123. The rectangular table ABCD has AB=4 feet and

BC=2 feet. At A, B, C, D are bodies weighing 3, 2, 4, and

12 pounds. Find their center of gravity by the method of

Art. 12.

124. Solve the last problem, taking the weight at Z) as 150

pounds, the other data remaining the same.

125. Draw a circular sector and a line upon which its

center of gravity lies.

126. Draw an equilateral triangle and two lines upon which

its center of gravity lies.

127. For Fig. 50 find the center of gravity, if the half-length

AC weighs 20 pounds, while BC weighs 15 pounds.

128. Where is the center of gravity of a cube? a paraUelo-

piped? a wedge? a pyramid?

129. A circle of 10 inches radius has a circular hole of

3 inches radius, the center of the hole being 5 inches from

the center of the circle. Draw a Une upon which the center

of gravity of the area lies.

130. The mean distance between the centers of the moon
and earth is 240 000 miles, and the quantity of matter in the

earth is 82 times that in the moon. How far from the center

of the earth is the centroid of the two bodies?

Art. 14. Centers of Gravity eor Lines

The word ' line ' here means a collection of small mate-

rial particles uniformly distributed along the geometric

hne. Straight wires of metal and rods of metal or tim-

ber may be regarded, for the purpose of finding their

centers of gravity, a§ straight lines coinciding with their
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geometric axes. The center of gravity of a straight rod

of uniform size and material is at the middle of a straight

line joining the centers of its ends (Art. 13).

A compound rod, formed of two straight rods of differ-

ent sizes or of different materials, has its center of grav-

ity between the centers of gravity of the two parts. Let

Fig. 51 represent two straight rods joined together, the

weight of the first being Wi and that of the second W2-

These two weights can be regarded as concentrated at

the centers of gravity of the two parts. The center of

gravity of the compound rod lies upon the center line of

the two parallel forces Wi and W2- Let / be the distance

between these forces, and x the distance of Wi from this

center line; then, taking an axis on this center line, the

principle of moments gives the equation TF2(/— x) —WiX
= 0, and the value of x which satisfies this equation

locates the resultant R of Wi and W2, and this passes

through the center of gravity of the compound rod. For

example, let Wi = io, 1^2 = 5 pounds, and ^ = 36 inches,

then a;=12 inches, and an upward force of 15 pounds

placed at 12 inches to the right of the middle of the larger

section will balance the compound rod.

_

aS c ^

Fig. 51 Fig. 52

Fig. 52 shows a compound rod formed of three straight

rods of different sizes. Let the lengths AB, BC, CD be

2, 3, 5 feet and the weights of the same be 12, 43, 18

pounds respectively. The total weight is 73 pounds, and

this resyltTOt acts in a vertical line passing through thQ
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required center of gravity. Let x be the distance of this

line from the end A ; then, by the principle of moments,

73a;=i2Xi+43X3i+i8X7i

from which 3c= 4.o7 feet, so that the center of gravity

lies 0.57 feet to the right of the middle of BC.

A curved line or wire ABC which is symmetrical with

respect to a straight hne BO, so that every chord BC
which is normal to BO is bisected, is shown in Fig. 53.

The center of gravity of the curved line ABC lies upon

the line BO (Art. 13), but its position upon that Hne wiU

depend upon the nature of the curve. For an arc of a

circle whose center is at O, it may be shown, by the

methods of calculus, that the distance of the center of

gravity from O is equal to the radius BO multiplied by

the chord AC and divided by the arc ABC.

Y o
w„
B ^

—

'b

Fig. 54 Fig. 55

A bent Une or rod ABC composed of two straight parts

AB and BC at right angles to each other is shown in

Fig. 54. The center of gravity of AB is at its middle,

and its weight Wi may be taken as there concentrated.

In Uke manner the weight W2 of BC may be taken at the

middle of BC. The center of gravity of the two rods

is then at the same point as the center of gravity of the

weights Wi and Wi- Let AB and BC be in a horizontal

plane, then these weights act downward and tend to cause

fotatipn about an axis AY drawn at A Pormal tg AB.
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Let A and I2 be the lengths oiAB anABC; then the lever

arms of W\ and W2 with respect to the axis AY are ^h
and li. Let x be the distance of the center of gravity c

from AY. Then the principle of moments gives the

equation {W-^ + W2)x=WiX^i + W2I1 The weights also

tend to cause rotation around AB as an axis, and if

y be the distance of c from this axis, the equation of

moments is {Wi + W2)y= W2X^l2; the weight Wi does

not enter this equation, since its lever arm is zero. The
values of x and y found from these two equations locate

the position of the center of gravity oi AB and BC. If

w be the weight of the rod per linear unit, Wi may be

replaced by wli and W2 by w/2, and the value of x

then reduces to (ili^ + lil2)/ih+h), while that of y re-

duces to 1^2V (^1+^2)- When the rods are of the same

length I, the value of x is |/, while that of y is II.

By similar reasoning the position of the center of graviiy

of the bent Une ABCD in Fig. 55 may be ascertained.

As a special case letAB be 3 feet, BC be i| feet, and CD be

2 feet, BC making an angle of 60° and CD one of 30°

with a Une parallel to AB. The weights of the parts

AB, BC, and CD may be taken as 3, 1.5, and 2, these

numbers being proportional to their lengths; and their

lever arms with respect to AY are 1.5, 3.37, and 4.61 feet.

Let x be the distance of the center of gravity of these

weights from the axis AY; then 6.53'= 3Xi. 5 + 1.5X3.37

+ 2X4.61, whence x=2.d>g feet. In the same way by

taking an axis coinciding with AB the distance from it

to the center of gravity is found to be 0.70 feet. These

values of x and y loc£ite the center of gravity of the bent

line ABCD,
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problems

131. The large rod in Fig. 51 is 3 feet long and weighs

7.5 pounds per linear foot, while the small one is 5 feet long

and weighs 2.0 pounds per linear foot. Find the center of

gravity.

132. The lengths of AB, BC, and CD in Fig. 52 are 2.0,

1.8, and 3.0 feet, and their weights are 6, 12, and 5 ounces.

Find the center of gravity.

133. From the above statement regarding the center of grav-

ity of a circular arc deduce the position of the center of gravity

of a semicircle.

134. Where is the center of gravity of a straight steel pipe

of uniform cross-section ?

135. A bent rod is formed of two straight rods of equal

size at right angles to each other. Find the center of gravity

when one rod is 12 and the other 3 feet long.

136. In Fig. 55 let the lengths of AB, BC, CD be 4, 3, 2 feet,

BC making an angle of 135° with ^5, and CD being parallel

to AB. Find the values of x and y which locate the center

of gravity.

137. A straight rod 6 feet long weighs 10 pounds and has

a weight of 12 pounds hung at one end. Find the center of

gravity of the two bodies.

138. A straight rod 6 feet long weighs 10 pounds and has a

weight of P pounds hung at one end of it. What is the

value of P if the center of gravity of the two bodies is 2 feet

distant from P ?

139. Show that the center of gravity of the three sides of a

triangle is at the same point as the center of gravity of three

weights placed at the middle points of the sides, these weights

being proportional to the lengths of the sides.

140. Find the position of the center of gravity of the three

sides of a triangle, thejr lengths being 5, 12, and 13 inches,
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Art. 15. Centers of Gravity for Surfaces

A plane surface has no weight and hence no center

of gravity, but it is customary to speak of geometric

figures as if they had weights proportional to their areas,

they being regarded as representing actual sheets or

plates of matter. When such a surface is held in a

horizontal position, a point may be found upon which

it may be balanced by a pin there placed, and this point

is the center of gravity of the surface. The center of

gravity of a circle, a rectangle, or a parallelogram is

at its geometric center; for, if any hne be drawn through

this point, the weight upon one side is equal to that upon

the other side, and the moment of the weight on one

side with respect to that line is equal to that for the

other side. Thus, in Fig. 56, the center of gravity of the

rectangle Ues upon the diagonal shown, and it also lies

upon the other diagonal; accordingly the center of gravity

of the rectangle is at the intersection of the two diagonals.

The center of gravity of the triangle in Fig. 57 is at the

intersection of the median lines Aa and Bb, for Aa bi-

sects any line parallel to BC and hence the center of

gravity must lie upon it, and for a similar reason it must

lie upon Bb.

When a thin sheet of cardboard or metal is hung in

a vertical position upon a horizontal pin, the center of

gravity of the sheet must lie vertically below the pin,

for rotation will occur around the pin if the resultant

of the forces of gravity does not pass through it. The

following is hence a practical method for locating the

center of gravity of any plane area. Let a sheet of metal

or cardboard of uniform thickness be cut to the required
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shape and be suspended upon a pin put through it near

one edge. While in this position let a vertical line be

drawn upon the sheet by the help of a plumb-bob hung by

a string from the pin. Then let the sheet be hung again

with the pin put in another position and a second vertical

line be drawn upon it. The intersection of these two

lines is the center of gravity of the plane area. The

student should try this experiment, locating the second

position of the pin so that the two lines may be approx-

imately at right angles, in order that a definite point of

intersection may be obtained.

Fig. 56 Fig. 57

In many simple cases the center of gravity may be

ascertained from computations by the help of the principle

of moments. For example, the plane area ABCDEF in

Fig. 58 may be regarded as composed of two rectangles

having the weights W\ and W2, these being proportional

to the areas of ABCG and DEFG. li AB he represented

by a, BC by b, DE by c, and EF by d, Wi may be taken

as the area ab and W2 as the area cd, and their resultant

R by ab+ cd. Taking moments with respect to the axis

AB, the lever arm of Wi is |&, that of W2 is b+ ^c, that

of R is X, and the equation of moments is

(ab +cd)x= abX ib +cd(b -f^c)

and the value of x found from this equation locates a

line parallel to AB upon which the center of gravity lies.

Again, let the line AF be taken as an axis of moments;
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then the equation of moments is

{ab+cd)y=abXia+cdXid

and the value of y locates a line parallel to AF upon

which the center of gravity lies.

n
g-

Tfj
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metry (Art. 13). To find its position on this line, an axis

may be taken at any point and the equation of moments

be stated, the area and the moment of the hole being

taken as negative. The distance of the center of grav-

ity from the center of the circle will be found to be

The center of gravity of a curved surface usually lies

without the surface. Thus, if the curved line ABC in

Fig. 53 be revolved about the axis BO, it generates a

surface of revolution which is symmetrical with respect

to the Une BO, and its center of gravity hence lies upon

this line. If ABC be an arc of a parabola, the surface

generated is that of a paraboloid, and it can be shown by

the differential calculus that the distance from B to the

center of gravity of this surface is |5D.

PROBLEMS

141. Find the center of gravity of a parallelogram.

142. Show that the center of gravity of a triangle lies upon

a line drawn parallel to the base at a distance from the base

equal to one-third of the altitude.

143. Make an experiment to find the center of gravity of an

irregular sheet of cardboard by hanging it from a pin in

three positions.

144. For Fig. 58 compute the position of the center of

gravity when ^5=6, AF= 10, BC=2, and£F=2 inches.

145. For Fig. 59 compute the position of the center of

gravity when AB=6, AF=6, EC=2, and EF=2 inches.

146. In a square whose side is 6 inches there is cut a cir-

cular hole of 2^ inches diameter, the center of the hole being

half-way between the center of the square and one of its corners.

Find the center of gravity of the area.

147. If a trapezoid has the lower base bi, the upper base 621
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and the altitude h, show that its center of gravity lies at a

distance /s(6i +262)73(^1 +^2) above the lower base.

148. Two coins, having diameters of 2 and 4 centimeters,

lie upon a table, the distance between their centers being

3 centimeters. Find their common center of gravity.

149. Take a rectangular card and cut two holes in it near

one side. Estimate the position of the center of gravity of

the area, and test this estimate by computation or experi-

ment.

150. A long rectangular plate has one-third its length of

one kind of metal and the remainder of a different kind.

What are the relative weights of the metals if the plate can be

balanced at a point half-way between the middle and one end ?

Art. 16. Stable and Unstable Equilibrium

A body at rest is said to be in ' stable equilibrium

'

when it tends to return to its original position after having

been deflected therefrom by a small horizontal force.

For example, if a ball be suspended from a fixed pin

by a string as in Fig. 61, a slight horizontal force applied

to the ball will cause a deflection so that the string is

no longer vertical, but on the removal of the force the

ball returns to its original position, which is one of stable

equilibrium. In the position of rest the ball is held in

equilibrium by two forces, the downward weight of the

ball and the upward pressure of the pin, and these forces

are in the same vertical line; after the lateral deflection

the two forces form a couple (Art. 10) which tends to

rotate the ball around the fixed pin to its former posi-

tion. Similarly in Fig. 62 the ball resting at the lowest

part of the curve is in stable equilibrium, for if deflected

laterally it tends to roll back.
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Since the entire weight of a body concentrated at its

center of gravity produces the same tendency to rotation

as the actual distributed weight (Art. 13), the conditions

of stable equihbrium are, first, that the center of gravity

of the body shall lie in the same vertical line as the point

of support, and, second, that after the lateral deflection

this weight and the pressure of the support shall form a

couple which tends to restore the body to its original

position.

n=w
Fig. 63

A body at rest is said to be in 'unstable equilibrium '

when it tends to move away from its original position

after having been deflected therefrom by a small hori-

zontal force. For example, the balls in Figs. 64 and 65

tend to rotate away from their original positions, if de-

flected laterally by a small force, since a couple is formed

by the downward weight of the ball and the upward

pressure of the support, and this causes such rotation.

The conditions of unstable equilibrium hence are that

the center of gravity of the body shall lie on the same

vertical line as the point of support, and that after the

lateral deflection a couple is formed which rotates the

body away from its original position.

In stable equilibrium the center of gravity of the body

rises above its original position under the action of a

lateral force, and in unstable equilibrium it falls. Hence

the conditions of these two kinds of equilibrium may be

expressed more simply by saying- that if any lateral
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force causes the center of gravity of the body to rise, the

equilibrium is stable; while if it causes the center of

gravity to fall, the equilibrium is unstable. Fig. 63 rep-

resents a body where the center of gravity rises when a

slight horizontal force causes rotation around the point of

support, and this is a case of stable equilibrium. Fig. 66

represents a body where the center of gravity falls when

a slight rotation is caused around the point of support,

and this is a case of unstable equilibrium.

IW r

Fig. 64 Fig. 65 Fig. 66

There is a third kind of equilibrium called 'neutral

equilibrium ' in which the body, after having been de-

flected from its original position by a slight horizontal

force, has no tendency either to return to or depart further

from the same. For example, a sphere or a cylinder

lying on a level table is in neutral equilibrium, for its

center of gravity neither rises nor falls when it is moved

laterally by a small force. An ellipsoid with three un-

equal axes placed on a level table is in stable equilibrium

if its shortest axis is vertical, it is in unstable equilib-

rium if its longest axis is vertical, and it is also in un-

stable equilibrium if its third axis is vertical.

PROBLEMS

151. If the body in Fig. 61 weighs 10 pounds, show that a

horizontal force of 2.68 pounds, acting through the center of

gravity, is necessary in order to keep the string at an angle of

15 degrees with the vertical.
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152. When the string in Fig. 61 is vertical and the body

weighs 10 pounds, what is the tension in the string?

153. If the string in Fig. 61 is kept at an angle of 30 degrees

with the vertical by a horizontal force, what is the tension in

it when the body weighs 10 pounds ?

154. Make an experiment to confirm Fig. 63 by using two

pocket knives and a piece of wood.

155. A cone rests upon its side on a level table. In what

kind of equilibrium is it? Why?

156. A vertical wheel can revolve upon a horizontal axis.

In what kind of equilibrium is it ? Why ?

157. What is a position of a right cone so that its equi-

librium may be unstable? What is a position for stable

equilibrium ?

158. The center of gravity of a hemisphere is at a distance

of ^r from the center of its plane base, r being the radius.

If a cylinder of the same material and of the height h be

placed upon this plane base and be joined to it, show that the

center of gravity of the compound body has at the center of

that base when 2h^ equals r^.

159. If the body of the last problem be placed with its

spherical surface in contact with a level table, show that it

will be in stable equilibrium when r^ is greater than 2h?,

and in unstable equilibrium when r^ is less than 2h^.

160. A plank 3 feet long, i foot wide, 2 inches thick, and

weighing 20 pounds rests upon a support at the middle, and

a boy sits at each end. Show that the equilibrium is unstable.

If the boys stand upon the ends, is the instability increased or

decreased ?

1 60a. Draw a curve having the right-hand part like that of

Fig. 65 and the left-hand part Uke that of Fig. 62. Let a ball

be placed on the curve at the point where it is horizontal.

What is the nature of the equilibrium of the ball ?
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Art. 17. Stability against Rotation

When a body rests upon the surface of the earth, it has

no motion either up or down. Since, however, the force

of gravity tends to pull it downward, the earth must exert

an equal upward force upon it (Art. 2, Axiom 3). If no

horizontal force acts upon the body, the upward result-

ant pressure must pass through the center of gravity of

the body, since the resultant downward force acts through

that point. Thus in Fig. 67 the downward force W is

the resultant of all the forces of gravity or the weight of

the body, and the upward force W is the resultant of all

the upward earth pressures. When a body has such a

shape that the line of action of its weight does not pass

through the base, as in Fig. 68, it cannot be supported on

that base, since the two forces form a couple which causes

rotation.

%
Fig. 67 Fig. 68 Fig. 69

When a body of weight W rests on a level base and is

subjected also to a horizontal force, P, as in Fig. 69, the

resultant R of these two forces must be counteracted by an

equal and opposite force R acting in the same line in

order that equilibrium may prevail. Such a reacting

force cannot be exerted upon the body unless the hne of

action of R cuts its base. Rotation will hence occur if

the resultant of all the forces acting on the body does not

intersect the base of support. For example, the vertical

line through the center of gravity of a man jnust cut the
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ground within the base formed by his shoes, or else he

will fall; if he be subject to the action of a strong wind,

he must lean to the windward in order to preserve his

equilibrium.

This general principle may be illustrated by the follow-

ing figures, in each of which a rod is seen resting upon a

table and projecting over its edge. In Fig. 70 the rod

is straight and its center of gravity is at its middle C;

in Fig. 71 the rod is bent at right angles and the center

of gravity is nearest to the vertical part ; in Fig. 72 the

rod is bent at an acute angle and a weight hung at its low-

est end. In each case C represents the point where the

vertical Une through the center of gravity cuts the base

AB; if this point lies beyond B, rotation will occur.

c
4 j-B yj.—jiu ]—3-

Fig. 70 Fig. 71 Fig. 72

The stability against rotation of a body resting on a

horizontal plane is the greatest when the resultant of all

the acting forces cuts the base at its middle. When
this resultant cuts the edge of the base, the body is about

to fall; when it passes without the base, failure by rota-

tion is sure to occur.

The magnitude of a horizontal force required to

overturn a body may be computed from the principle

of moments. For example, let ABC in Fig. 73 represent

the end of a triangular prism of weight W, the side AC
being vertical. Let b be the width of the base AB, then

the vertical line through the center of gravity of the prism

cuts the base at a distance ^b from the edge A (Art. 15).

Let P be the horizontal force required to overturn the
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prism, and h be its distance above the base. At the

moment when rotation begins, the resultant R oi W
and P must pass through the edge B. Taking this point

as an axis of moments, the equation of moments is

PXA-TfX|6=o, and hence P = W.2h/T,h is the hori-

zontal force which causes rotation to begin; the moment
of R does not enter this equation because its lever arm

is zero.

c
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against rotation its weight may be increased, or its shape

may be altered so as to shift the center of gravity in a

direction that will increase the resisting moment. Fig. 74

represents a dam of rectangular section subject to the

horizontal water pressure P; the base may be made

wider and the top narrower without changing the weight

W, but the lever arm of W with respect to B is thus

made greater and the stabihty of the structure against

rotation is hence increased.

PROBLEMS

i6i. The entire length of the rod in Fig. 71 is 2 feet and

the vertical part is 6 inches in length. Find the least length

of the base AB.

162. Try the experiment indicated by Fig. 72.

163. In Fig. 73 let W be 100 pounds, P be 18 pounds, and

AB be 3.5 feet. At what height above AB must P be applied

to cause rotation?

164. Let Fig. 74 represent a cylinder standing on end, its

height being 60 inches, the radius of its base 12 inches, and its

weight 273 pounds. What force P applied at the middle of

the height will cause rotation?

165. In Fig. 73 let AB be 3.5 feet and AC be 8.6 feet, the

length of the prism normal to the plane of the paper being

10 feet, and the weight of the material being 140 pounds per

cubic foot. What horizontal force P applied at the middle

of the height will cause the resultant to cut the base at its

middle ?

166. A brick is laid with one-fourth of its length projecting

over the edge of a table. Upon this is laid a second brick

with one-fourth of its length projecting over the first. Upon
this is laid a third brick with a similar projection. Are the

three bricks stable, or will they fall ?

167. Show that the stability against rotation of the body
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in Fig. 74 is the greatest when P is zero, and that the sta-

bility of the body in Fig. 73 is the greatest when P equals

W.h/6h.

i68. In Fig. 74 let 1^=100 pounds, P=3o pounds acting

at the middle of the height, AB=6 feet and 4C=i8 feet.

Is the body stable against rotation ?

169. For the last problem find where the resultant of the

forces W and P cuts the base AB.

170. A table 3 feet square has its top projecting 3 inches

beyond the four legs. If the table weighs 27 pounds, what

weight hung from one of the corners will overturn it ?
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CHAPTER IV

RESISTANCE AND WORK

Art. 18. Resisting Forces

An ' applied force ' is one exerted upon a body by

an exterior force, like muscular effort, gravity, pressure,

or pull. Such applied forces may cause the body to

move or they may meet with resistance which prevents

motion. A 'resisting force ' is one that opposes the

apphed force and which disappears when the appHed

force is removed. For example, if a beam is placed upon

a support, its weight acts downward and an upward re-

sisting force called the ' reaction of the support ' is gener-

ated; if a force is applied to slide a body which rests

on a table, a resisting force called ' friction ' comes into

play; if a wagon is drawn, a force called 'traction resist-

ance ' opposes the motion; if a ball is thrown by the

hand, a resisting force called ' inertia ' is felt. When
motion does not occur, the resisting forces are such as

to hold the applied forces in equilibrium; thus, if a horse

pulls against a fixed post, the post pulls the horse with

an equal resisting force. The principles of the preceding

chapters enable the resisting forces to be found for all

cases of equiHbrium.

Friction is one of the most common resisting forces,

and this is known by experience to occur whenever a force

tends to slide one body along another. Fig. 76 shows

a body resting upon a horizontal plane, its weight W
being held in equilibrium by the equal upward resisting

pressure R. When a horizontal force P is appUed to
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this body, as in Fig. 77, the horizontal resisting friction

F comes into play between the surfaces of contact. If

P is not large enough to cause motion, F must be equal

to P (Art. 5), but they do not generally act in the same

line, so that they form a couple which tends to cause

rotation (Art. 10). Hence the point of application of

the upward resisting pressure must shift so that the

moment of W and R balances the moment of P and F.

Fig. 76 Fig. 77 Fig. 78

If the horizontal force P is large enough, it will cause

the body to slide, because the applied force overcomes

the resisting friction. Friction is due to the roughness

of the surfaces of contact, all surfaces being more or less

rough, so that the projections of each surface fall into

depressions upon the other surface. When a force is

applied to cause sHding, these projections must be broken

off or be lifted out of the depression before motion can

occur. The smoother the surfaces the less is the resisting

friction.

The resisting force of friction may be measured by the

simple apparatus shown in Fig. 78; this consists of a

pan at the end of a cord which passes over a pulley and

is attached to the body W in such a way as to pull hori-

zontally upon it when weights are placed in the pan.

These weights are added in succession until finally the

body begins to slide. At any ihoment before sliding the

resisting friction F is equal to the weight P in the pan;

at the instant of sliding this force F has its greatest value.
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It has been found by such experiments that this force of

friction is greater for rough surfaces than for smooth

ones, and that it increases directly as the weight of the

body which is moved.

Another method of measuring the force of friction is

shown in Fig. 79, which represents a body of weight W
about to sHde upon an inclined plane AC. Let a be the

angle which AC makes with the horizontal AB, and let

there be a hinge at A so that this angle may be slowly

increased until sliding occurs. Let W be resolved into

the components P and N, the former acting parallel and

the latter normal to AC. Since W is normal to AB,
the angle between W and N is the same as the angle a,

and N equals W coso, while P equals W sina. Now at

the instant of sliding the resisting friction F equals the

applied force P which is parallel to it ; hence F=W sina,

and thus the value of F is known by the measurement of

W and a. For example, if the body is a brick which

weighs 4.5 pounds and if this begins to sHde when the

angle a is 24 degrees, then the resisting friction is 1.83

pounds.

PROBLEMS

171. What is the resisting force which comes into action

when a man pushes against a wall? When a weight is hung

at the end of a vertical string?

172. A string 20 feet long is fastened to the tops of two

posts of equal height 18 feet apart, and a weight of 4.16 pounds

hung at the middle. Find the resisting forces in the string.

173. In Fig. 77 let P be 12.5 pounds applied at 3.25 inches

above the base. Let the body be a parallelepiped weighing

25.6 pounds. What are the values of F and R and where

are they applied?
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174. Two bodies of equal roughness rest upon the same

table, one weighing three times as much as the other. If a

horizontal force of 1.25 pounds causes the heavier body to

move, what force will cause the lighter one to begin moving ?

175. A horizontal force of 6.5 pounds causes a body weigh-

ing 18 pounds to begin motion on a horizontal plane. If the

same body rests upon a similar surface, what must be its inclina-

tion to the horizontal so that the body may begin to slide ?

176. In Fig. 79 let AB be 6.3 and BC be 2.5 feet. Find

the angle which AC makes with the horizontal.

177. In Fig. 79 let AC be iSJ and BC be 6| inches. Find

the sine of the angle BAC.

178. A body resting upon an inclined plane AC weighs

3 kilograms, AC being 12 and BC being 5I inches. Compute

the normal pressure on the plane and the resisting friction.

179. What are two of the resistances which oppose the

motion of a wheel when revolving on its axle? If a tan-

gential force of 6 pounds at the circumference causes such a

motion tO; begin, where is the resisting friction ?

180. Draw a figure showing a body on an inclined plane

subjected to a horizontal push P. Where and in what direc-

tion does the resisting friction act?

Art. 19. Friction

The resisting friction which acts between two surfaces

when one just begins to slide upon the other has been

often measured by the methods described in the last

article, and from such experiments the following facts or

laws have been ascertained:

1. The force of friction is directly proportional to

the normal pressure between the surfaces.

2. It is independent of the area of contact.

3. It depends upon the nature of the surfaces, being

smaller for smooth surfaces than for rough ones.
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These laws of friction may be algebraically expressed by

the simple formula
F=nN

in which N is the normal pressure between the two sur-

faces, F is the resisting friction at the moment when

sHding begins, and n is an abstract number called the

'coefficient of friction,' which varies with the nature of

the surfaces.

Fig. 79 Fig. 80 Fig. 81

The above laws are approximate ones, but they fairly

represent the general facts of observation when the nor-

mal pressures are not excessive. If a body rests upon a

horizontal plane, as in Fig. 78, the normal pressure be-

tween the surfaces is its weight W only; when it rests

upon an inclined plane, as in Fig. 79, the normal pressure

is W cosa. If a body of weight W rests upon a horizon-

tal plane and is subjected to a force P which makes an

angle I with the vertical, as in Fig. 80, the normal pres-

sure isW +P COS&. In general the normal pressure N is

the algebraic sum of the components of aU the appUed

forces in a direction normal to the plane of contact of

the two surfaces. The first law states that if this normal

pressure be doubled, the friction F is also doubled; thus

if a horizontal force of i.6 pounds causes a brick to begin

to move on a horizontal plane, a force of 3.2 pounds will

be required when a second brick is placed upon the first

one.

The second law states that, if the normal pressure

remains the same, the friction is unaltered by varying
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the area of contact. Thus, a brick may rest upon a

plane on its narrow or flat side or on its end, but the force

required to cause sUding is the same in the three cases.

This law applies to moderate pressures and is not valid

for high ones.

The value of the coefficient of friction n may be deter-

mined by the method illustrated in Fig. 78, where the

normal pressure is the weight W of the body, and the

friction at the instant of sliding is measured by the weight

P in the pan; the value of n is then P/W. For example,

if a brick weighing 4.9 pounds begins to slide upon a

horizontal plant under a horizontal force of 2.1 pounds,

then the coefficient of friction is w=2. 1/4.9 = 0.43.

Another method of determining the coefficient of

friction is indicated in Fig. 79, where the plane AC \s

slowly raised around the hinge A until the body begins

to slide. If a is the angle BAC, the normal pressure

NhW cosa and the resisting friction F along the plane

is equal to W sina. Accordingly the coefficient of fric-

tion is

n=F/N=W si.ua/W cosa-=tana

that is, the coefficient of friction is equal to the tangent

of the angle BAC. The angle a at which the surface of

contact must be inclined to the horizontal so that sliding

just begins is often called the ' angle of friction
'

; this

angle can be easily measured and its tangent is the coef-

ficient of friction for the given surfaces. For example,

if a brick begins to slide on a board when the board is

incKned j(>\ degrees to the horizontal, the coefficient of

friction is w= tan i6J°= o.29.

The following values of, coefficients of friction give an
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idea of its range for different surfaces which are used in

engineering practice:

for stone on stone, M=from 0.50 to 0.65

for stone on timber, «=from 0.30 to 0.50

for timber on timber, w=from 0.25 to 0.40

for metal on metal, dry, «=from 0.15 to 0.20

for metal on metal, oiled, w=from o.oi to o.io

It is seen that these values are all less than unity, and

that the effect of oil is to reduce the coefficient of friction

and hence also the resisting force of friction. When it

is desired to prevent shding, the coefficient of friction

should be high, and this will be the case if the surfaces

are rough; when it is desired that sliding may easily occur,

the coefficient of friction should be smalt; and this will

be the case with smooth surfaces. Oil diminishes fric-

tion because it fills the depressions between the projecting

points of the surfaces.

When the value of n is known, the horizontal force

required to cause sliding to begin on a horizontal surface

is easily computed, because this force is equal to the

resisting friction F. For example, let a stone pier

weighing 28000 pounds rest upon a timber base, the

coefficient of friction for these surfaces being 0.45;

then the horizontal force required to cause sUding is

F = wiV^ =0.45X28 000=12 600 pounds.

When a body of weight W is pushed by an inclined

force P which makes an angle b with the vertical, as in

Fig. 80, shding will begin if the values of P and b are

sufficiently large. Here the normal pressure N is

W+P cos6 and the horizontal force F required to over-

come the resisting friction is P sin6. Hence the con-
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dition for sliding to begin is that P smb shall equal

n(W+P cosb). When the body is pulled by the force P,

inchned at the angle b to the vertical, the normal pressure

is W—Pcosb and the horizontal force F is P sin&, so

that the condition for motion to begin is that P sinb

shall equal n{W~-P cosb). It is seen that the same

inclined force P will start a heavier weight by puUing

than by pushing.

PROBLEMS

i8i. A body weighing 43 pounds rests upon a table, and

the coefficient of friction for the surfaces of contact is 0.28.

Will it move under a horizontal force of 10 pounds?

182. A body weighing 47 pounds rests upon a table, and a

force of 18 pounds acts horizontally upon it. If sliding just

begins, compute the coefficient of friction.

183. A body begins to slide down a plane when it is inclined

24° 45' to the horizontal. What is the coefficient of friction

for the surfaces of contact?

184. If the coefficient of friction is 0.199, ^t what angle

must the plane be inclined so that sliding begins ?

185. A body weighing 47 pounds rests upon a table, and a

force of 19 pounds making an angle of 3° 15' with the horizontal

pushes upon it, as in Fig. 80, and sliding begins. Compute

the coefficient of friction.

186. For Fig. 80 let P be 100 pounds making an angle of

20° with the horizontal. If »=o.3i, what is the value of W
so that sliding may begin?

187. For Fig. 81 let the data be the same and the value of W
be required.

188. For Fig. 80 let W be 53.7 pounds, P be 46.0 pounds, and

n be 0.42. What angle must P make with the vertical in

order that the body ma}' begin to slide ?

189. The base of an inclined plane is 3 feet and its height
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is 4 feet. What force, acting parallel to the plane, will just

prevent a body weighing 28 pounds from sliding down, the

coefiScient of friction being 0.37?

190. The base of an inclined plane is 3 feet and its height

is 4 feet. What force, acting parallel with the plane, will just

cause a body weighing 28 pounds to begin sliding up the

plane, the coefficient of friction being 0.37?

Art. 20. Stability against Sliding

The resisting force of friction is an aid to the stability

of all constructions which are required not to move. A
house would be moved horizontally by the slightest wind

and a dam would slide under the slightest water pres-

sure if it were not for this resistance. The law F=nN
shows that stability against sliding may be increased by

making the surfaces of contact rough so as to increase n,

or by adding weight so as to increase N. To insure

stability against sliding, it is necessary that nN shall

always be greater than the greatest applied force which

can act parallel to the surface of contact.

Another way of increasing the stability against sliding

is to give the surface of contact such an inclination that

the resultant R of all the appKed forces makes a small

angle with the normal to the plane. To explain this,

let R in Fig. 82 be this resultant making the angle x
with the normal. The normal pressure is R cosx and

the force parallel with the surface of contact is R sinx.

Sliding will begin when R sinx=nR cos:r, that is when
tsinx = n. Let a be the angle whose tangent is n, this

being called the angle of friction. Then the condition

of sliding is tan:5;=tana or :» = o. Hence sliding begins
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when the resultant of all the applied forces makes an

angle with the normal to the plane equal, to the angle of

friction, and it does not occur when this angle is less

than the angle of friction. The smaller this angle the

greater will be the stability against sliding, and the

highest degree of stability will be secured when the

resultant R is normal to the plane of contact.

Fig. 82 Fig. 83 Fig. 84

As an application of this principle let a body of weight

W rest upon a plane which is inclined to the horizontal

at an angle h, this being greater than the angle of fric-

tion a. Let it be required to find the least horizontal

force H which will prevent the body from sHding down

this plane. Fig. 83 shows this case, where the resultant

R makes an angle NOR with the normal ON equal to

the angle of friction a; and since the angle NOW is

equal to b, it follows that H=W ta.n{b—a). To find the

least horizontal force which will cause the body to slide

up the plane the resultant R is drawn on the other side of

the normal ON, as in Fig. 84, and then iT = PF tan(&+ a).

The horizontal force which causes the resultant to co-

incide with the normal is H= Wtanb, and for this

value there is no tendency whatever to shde. For in-

stance, let b be 56° 15', the weight 100 pounds, and the

coefficient of friction n be 0.32, whence a is 17° 45'.

Then, to prevent the body from sUding down, the

least horizontal force is-H=W ta.n 38° 30' = 79.5 pounds;

to cause it to begin to sUde up the plane, H=W tan 74° o'
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= 348.7 pounds; to keep it on the plane with the highest

degree of stabihty, i?= IF tan 56° I5' = i49.7 pounds.

As another example, let Fig. 85 represent the cross-

section of a dam on a horizontal base subject to a hori-

zontal water pressure. Let P be 50000 pounds, W be

120000 pounds, and the coefficient of friction n be 0.62.

Since 50000 is less than 0.62X120000, the dam wiU

not fail by sliding. Here also the value of tana;=WR/OW
= 50000/120000= 0.42, so that X is less than a. To
obtain a greater degree of security the base of the dam
may be inchned as in Fig. 86 and an inclination can be

computed so that the resultant OR shall be normal to

.45, thus giving the highest possible security against shding.

_z,
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and from the third condition, taking the weight of the

ladder at its center of gravity, and an axis of moments at

the top,

WXil cosi-NiX I cost +FiX I sim=

c

Also, the law of friction in Art. 19 gives

Fi=niNi F2=n2N2

These five equations contain the five unknown quantities

iVi, iVa, Fi, F2, and i. By solution the value of tani is

found to be
tam= (i— «iM2)/2Wi

For example, let the ground be rough so that ^1=0.9,

and the wall be smoother so that W2= o. i ; then tani = 0.51,

and i= 2']°. The ladder will hence be stable if it is

inclined more than 27 degrees to the horizontal, and its

degree of stability will be the greater the larger the incli-

nation.

PROBLEMS

191. The coefficient of friction between a brick and a

board is 0.45. Will the brick slide if the board be inclined 37
degrees to the horizontal?

192. What horizontal force -is required to push the brick of

the last problem up the inclined plane, its weight being 5

pounds ?

193. What force acting parallel with the plane will push

the same brick up the same inclined plane ?

194. A dam weighing 240 000 pounds rests on a horizontal

base and is subject to a horizontal water pressure of 144 000

pounds. If the coefficient of friction is 0.61, what additional

water pressure will cause failure?

19.5. In the dam of Fig. 86 the weight W is double the
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horizontal pressure P, and the incKnation of the base AB
is 1 6 degrees. What angle does the resultant R make with the

base?

196. Let the coefficient of friction for Fig. 83 be 0.52 and

the values of H and W be equal. What must be the angle h

so that W may begin to slide down the plane ?

197. For Fig. 84 let 0=24° 15' and 6= 65° 45'. What is

the least horizontal force which wiU cause W to begin to slide

up the plane?

198. For the ladder in Fig. 87 show that Ni is equal to W
if either «i or n2 is zero.

199. Show that the stabihty of a ladder is increased by

making the lower part heavier than the upper part.

200. When a ladder is just about to shde under its own
weight, its stability is increased if a man steps upon the lowest

round, but if he ascends above the middle sliding will siirely

occur. How can this be demonstrated?

Art. 21. Gravity and Work

The earth exerts upon all bodies an attraction called

the force of gravity, and it is this which causes bodies to

press downward upon their supports, or to pull down-

ward when they are suspended. The weight of a body is

the measure of the force of gravity. \Vlien a body is

lifted by a man, a constant downward resistance equal to

its weight is experienced by him, and it is said in popular

language that he does work in raising the body.

' Work ' in mechanics is the product of a resistance by

the distance through which it is overcome. Thus, in

raising a weight W through the vertical distance /^, the

work Wh must be performed against gravity. It is

found by experience that the amount of exertion required
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to lift a body from the position A to the higher level BC
depends only upon the difference of level h. In Fig. 88

the body may be lifted vertically to B and the work Wh,

is performed; if it be moved along an inclined path to C,

the same work Wh, is performed.

The unit of work is called a foot-pound when the

unit of resistance is the pound and the unit of distance is

the foot. Thus, if a man lifts a body weighing 12 pounds

through a vertical height of 6 feet, he performs 12X6= 72

foot-pounds of work; if he raises it through a vertical

distance of 1.5 feet, he performs 18 foot-pounds of work.

In the metric system, where W is taken in kilograms and

h in meters, the unit of work is called a kilogram-meter.

Fig. 88 Fig. 89 Fig. 90

When a body rests upon a level table and a horizontal

force draws it along, there is no work done against gravity,

for the body is not raised to a higher level. In this case

the resistance is that of friction only (Art. 19).

Fig. 89 represents a body of weight W being drawn

up an inchned plane which is so smooth that there is

no frictional resistance. The length of the plane between

the positions A and B is I, the vertical height of B above

A is h, and the angle of inchnation is h. The resistance

of gravity in the line of motion is the component of W
parallel to the plane or W sin6, and IY.W sin& is the

work done against gravity in moving the body along

the plane from the position A to the position B, But
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since I sin& equals h, this becomes Wh. Hence the

work required to be performed against gravity in draw-

ing a body a certain distance up an inclined plane is

the same as that required to Kft it vertically through

the same difference of level.

The work required to raise a body of weight W through

the height h is independent of the time in which the

operation is performed. The amount of work expended

against gravity in lifting a body weighing 60 pounds

through a height of 4 feet is 240 foot-pounds, whether

the time be long or short, and the same work must be

expended in raising 30 pounds through 8 feet, or 10

pounds through 24 feet, or 2 pounds through 120 feet.

Power is the measure of the capacity of a motor to per-

form work in a specified time and to continue working

at that rate. The unit of power in common use is 33 000

foot-pounds per minute, and this is called a 'horse-power,'

because a very strong horse can maintain this rate of

working. A motor which has a capacity of one horse-

power can perform 33 000 foot-pounds of work in each

minute that it operates; that is, it can in each minute

lift 33 000 pounds through a height of one foot, or one

pound through a height of 33 000 feet, or 66 pounds

through a height of 500 feet.

As an example, let it be required to find what horse-

power engine is needed to lift every hour 2 400 000

pounds through a vertical height of 45 feet. The work

to be done against gravity in one hour is 2 400000X45
= 108 000 000 foot-pounds, and that in one minute is

108 000 000/60 = I 800 000 foot-pounds. The horse-power

required is then i 800 000/33 °°o=54^! this power over-
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comes the force of gravity only, and additional power is

needed to overcome the frictional resistances.

When a body of weight W falls through the vertical

height h, gravity is said to store up work in it and the

amount of this work is Wh. If none of this work is

lost in frictional resistances, it can be utilized to lift the

body again to the level from which it started. This fact

has been ascertained by experiments conducted as shown

in Fig. 90, where the body at the position D is guided

in its descent by the smooth curve DEF. On arriving

at the lowest point E, gravity has stored in the body the

work Wh and the body is moving with a certain velocity;

it then ascends the curve EF until it arrives at the posi-

tion F. Such experiments show that the height hi, to

which it rises above E, is always less than the height h

of fall, and that the smoother the curve the nearer does

hi approach h. It is hence concluded that if all frictional

resistances are absent, the work stored in the body at

E is sufficient to raise the body through a height equal to

the height of fall. This experiment should be tried by

the student; a ball hung at the end of a string may be

used instead of the apparatus above described.

PROBLEMS

201. How many foot-pounds of work are required to lift a

body weighing io8 pounds through a height of iif inches?

What horse-power is required to lift this weight 150 times in

one minute?

202. A gallon of water weighs 8^ pounds. What horse-

power is required to lift one million gallons in eight hours

through a vertical height of 125 feet?

203. The base of an inclined plane is 40 feet and its height
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is 30 feet. If the plane be perfectly smooth, what work must

be performed to raise a body weighing. 100 pounds from the

foot to the top ?

204. How many gallons of water can be lifted in one hour

through a height of 76 feet by a pumping-engine of 83 horse-

powers, if no work is lost in frictional resistances ?

205. A cubic foot of water weighs 62 J pounds. What

horse-power can be generated by 800 cubic feet of water

falling in every second from a height of 13.6 feet, if no work

is lost in frictional resistances ?

206. If a motor lifts 550 pounds of matter in every second

through a height of one foot, what is its horse-power ?

207. In Fig. 90 let £> be 5 feet above E and let the curve

be so rough that 20 percent of the work of the fall is lost in

friction. To what height above E will the body ascend ?

208. In the metric system one horse-power is taken as

4500 kilogram-meters of work per minute. How many horse-

powers are required to lift 500 cubic meters of water in one

hour through a height of 60 meters ?

209. What forces tend to stop the swinging of the pendulum

of a clock, and how is it kept in motion?

210. A man weighing 150 pounds runs up the stairs of a

four-storied building in 78 seconds. If the vertical height of

ascent is 48 feet, what work does he perform and what is his

horse-power ?

Art. 22. Work against Friction

When a body begins to slide upon a plane, the resisting

friction F is given by nN, where n is the coefficient of

friction and N is the normal pressure (Art. 19). The

same law applies when the body is sliding, but the value

of the coefficient of frictignn is a little less than a.t the
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moment of starting. This fact has been ascertained by

experiments, and moreover it is a familiar fact of obser-

vation that the force required to cause a sled to begin to

move is greater than that needed to keep it moving at a

moderate velocity.

If the value of n for sliding friction is given, the resist-

ance F, in pounds, is computed by multiplying n by the

normal pressure N, and the work expended in moving

through the distance / is then Fl. If the motion be uni-

form through a distance of / feet and occupy t minutes,

the work expended per minute is Fl/t, and this divided

by 33 coo gives the horse-power of the animal or motor

which maintains the motion. For, by the definitions of

Art. 21, work is resistance multiplied by the distance

through which that resistance is overcome, and one

horse-power is 33 000 foot-pounds of work per minute.

For example, let a body of 14 200 pounds weight be

kept sliding at the rate of 25 feet per minute on a hori-

zontal plane, the coefhcient of sliding friction being 0.18.

The resisting friction is 0.18X14200= 2556 pounds, and

the horse-power expended is 2556X25/33000= 1.94

horse-powers.

When a body is pulled up an inclined plane making

the angle b with the horizontal by a force P parallel with

the plane, as in Fig. 91, the resistance is due partly to

friction and partly to gravity. The weight being W, the

normal pressure is W cosb and the frictional resistance is

nW cosb ; the resistance due to gravity is W sinb, this

being the component of W parallel to the plane. Then

the work K performed in passing from ^4 to C is

K={nW aSsb-\-W sinb)XAC
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Since AC cosa is the base AB, and AC sina is the height

BC, this equation becomes

K=nWXAB+WxBC

in which the term nWxAB is the work required to over-

come friction through the horizontal distance AB, and

WxBC is the work required to overcome gravity through

the vertical distance BC. Hence the work required to

pull a body up an inclined plane is the same as that

required to draw it along the horizontal projection of the

plane plus that required to lift it through the vertical

projection of the plane.

Fig. 91 Fig. 92

When a vehicle is in motion it meets with resistances

which tend to stop it, such as friction at the axles, fric-

tion of the air, and oscillations due to irregularities of

the ground. The sum of all these resistances is called

'traction,' and the laws of traction are closely the same

as those of sliding friction, except that it is not independ-

ent of the area of contact of the wheel upon the ground.

For the same vehicle, however, the law F=mN is true,

where F is the resisting traction, N is the normal pres-

sure, and m is an abstract number called the ' coefficient

of traction.' The value of m is about o.io for a common
earth road, about o.o8 for a gravel road, about 0.04 for a

macadam road, about 0.015 for an asphalt pavement,

and about 0.003 ^^^ slow speed on a railroad track. By
using these values of m all the above principles relating to
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the work of sliding friction may be applied to the traction

of vehicles.

For example, let it be required to find what horse-

power is needed to draw a wagon weighing 3600 pounds

on a level macadam road at a speed of 4J miles per hour.

The traction resistance is 0.04X3600 = 144 pounds, and

the distance passed through in one minute is 4^x5280/60
= 396 feet. The work to be expended in one minute is

then 144X396= 57024 foot-pounds, and the power

needed is 57024/33000=1.73 horse-powers. If the

same road have a vertical rise of 3 feet for every 100 feet

of horizontal distance, the weight of 3600 pounds must

be hfted 11.88 feet in each minute and there must be

performed in each minute the work of 3600X11.88

= 42 768 foot-pounds, which requires 42 768/33 000= 1.30

horse-powers additional, while that required to overcome

friction remains as before at 1.73 horse-powers.

When a body is drawn down an inclined plane the

effect of gravity is to diminish the traction resistance.

Thus, if the wagon of the last paragraph is pulled on a

down grade of 3 feet per 100 feet, the horse-power re-

quired to maintain the motion of 4J miles per hour is

1.73 — 1.30= 0.43 horse-powers. For a slightly steeper

grade the component of the force of gravity parallel with

the plane becomes greater than the traction resistance,

and the body will move down the plane without an ap-

plied pull unless the brake be applied.

It is well known that the shafts of a wagon should be

inclined to the horizontal at a small angle x, as in Fig.

92, in order that the horse may pull with the least effort.

On a level road the normal pressure for this case is

W—P siax and the traction resistance is m{W—Psmx),
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Under the condition of starting, or of uniform motion,

this resistance equals the horizontal pull P cosa;. The

value of P is now found to be mW/icosx+m sinac), and

this is the force exerted by the horse through the shafts.

It may be shown by a branch of mathematics called the

differential calculus that P will have the smallest value

when tana; equals m. Hence the rougher the road the

greater should be the angle x. For a common earth

road, tanx should be about o.i, that is, the inclinaton of

the shafts should be between 5 and 6 degrees in order

that the pull may be a minimum.

PROBLEMS

211. Compute the horse-power required to keep a body

sliding on a horizontal plane at the rate of 120 feet per minute,

its weight being 9500 pounds and the coefficient of friction

being 0.17.

212. Compute the horse-power required for the above data

when the body is sliding up a plane which has an inclination

to the horizontal of one foot vertical in 10 feet of horizontal

distance.

213. Compute the horse-power for the above case when the

body is sliding down the inclined plane.

214. Find the weight that can be drawn on a common
earth road by a motor of 5 horse-powers at a speed of 6 miles

per hour.

215. Find the weight that can be drawn on a railroad

track by a motor of 50 horse-powers at a speed of 6 miles

per hour.

216. How many miles per hour can be maintained with a

wagon weighing 2400 pounds on a level macadam road, when
it is drawn by two small horses capable of performing i\

horse-powers?
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217. Compute the values of cosx+o.io sinx for the following

values of tana^: 0.08, 0.09, o.io, o.ii, 0.12.

218. Compute the value of P for Fig. 92, when W^=28oo

pounds and m=o.o6, the shaft having a rise of 2 vertical

inches in 50 horizontal inches; also when it rises 3 inches in

50 inches ; also when it rises 4 inches in 50 inches.

219. A horizontal force of 500 pounds, making an angle of 30

degrees with a level railroad track, pulls a car at uniform

speed through a distance of 125 feet in one minute. What

work is done per minute ?

220. At high speeds the coefficient of traction on a railroad

track is greater than the value above given, it being about

0.012 for 50 miles per hour. What is the horse-power of a

locomotive which will pull six coaches, each weighing 60 000

pounds, at this speed up a grade of six inches rise in 100

horizontal feet?
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CHAPTER V

SIMPLE MACHINES

Art. 23. The Lever

A lever is a machine by which a force applied at one

point may be transferred so as to produce pressure or

pull at another point. In its simplest form it consists of

a very light straight horizontal bar to one end of which

the vertical downward force P is applied in order to sup-

port the weight W at the other end, as in Fig. 93. The

lever rests upon a fixed point called the 'fulcrum,' and

the moment of P must be equal to the moment of W
with respect to an axis at this fulcrum when equi-

librium is maintained (Art. 8). Accordingly, if h and

c are the lengths of the arms of the lever on the left

and right of the fulcrum,

Wc-Pb=o or W=^P.b/c

which shows that W is greater than P when b is greater

than c. Thus, if P is 20 pounds, b is 48 inches, and c is

3 inches, the weight W which can be supported is 320

pounds.

Fig. 93

The lever may be curved as shown in Fig. 94, but the

same equation holds if b and c are the distances from

the fulcrum to the lines of direction of P and W; that is

if b and c are lever arms of these forces (Art. 7). When
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the force P is inclined to the vertical, as in Fig. 95, the

same equation of moments is true if b is the length of the

lever arm from the fulcrum normal to the direction of P.

In all cases, then, the forces at the ends of the lever are

inversely as their lever arms.

Another kind of lever is that in which the supported

weight W is between the ends, the fulcrum being at one

end and the appUed force P acting upward at the other.

In Figs. 96 and 97 the force P acts vertically, the lever

being straight in the first case and bent in the second.

In Fig. 98 the force P is inclined to the vertical. In

each of these cases let I be the lever arm of P, and m
be that of W with respect to the fulcrum; then

Pl-Wm=o or W=P.l/m

so that W is greater than P when I is greater than m.

If P be 2o pounds, / be 51 inches, and m he $ inches,

then W is 340 pounds.

,,, O^, ,_____rL5:^ nw_
U i- ^ U_ .j..,!!."^^ \^,-->'-^-m-^

Fig. 96 Fig. 97 Fig. 93

A lever may be also used as a machine for lifting a

weight through a small vertical height. For example,

let the force P in Fig. 99 pull down the right end of

the lever through the vertical height h and thus over-

come the resistance of the weight W as it rises through

the vertical height h. The work Ph is thus applied to

the machine, and the work Wh is utilized in overcoming

the force of gravity. If no work is lost in friction or in

bending the bar, then Wh=Ph. Let h and c be the
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lever arms of P and W when the bar is horizontal; then

from similar triangles h/k = b/c, and hence the equation

becomes Wc = Ph, which is the law of the lever as deduced

above. But it is found that work is always lost in fric-

tion and other resistances, so that the deHvered work

Wk is less than the applied work Ph, and hence Ph must

be greater than Wk, or P must be greater than W. c/h.

^b^:^^' ^^^^^ ^%^^
Fig. 99 Fig. 100 Fig. 101

In the above discussions the weight of the lever itself

has not been considered, but this will now be taken into

account. When the bar is of uniform size, let w be

its weight per linear unit and / its length 6 + c, so that

its total weight for Fig. 93 is wl. The center of gravity

of this weight is at the distance &— J/ from the fulcnmi,

so that the equation of moments gives

Pb+wl{h-^) = Wc, or W^P-^ ^^^^'^^^

Similarly for Fig. 96 it is easily found that the value of

W required for equilibrium is {Pl+ ^wP)/m. For Fig. 93

the weight of the bar has no influence, if its center of

gravity Ues vertically above the fulcrum, but for Fig. 96

the weight of the bar always resists the applied force P.

When P and W are large compared with wl, it may not

be necessary to take account of the weight of the lever

itself, and this is the assumption made in the previous

paragraphs. A beam resting on supports at its ends is in

all respects Uke Fig. 96, the force P being the reaction of

the left support.
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PROBLEMS

221. The light bar shown in Fig. 93 is 5 feet long and the

weight W is 100 pounds. Compute the values of P when

the arm c has the lengths i, 2, 3, 4 feet.

222. Compute the values of P for the above data, taking the

weight of the bar as 10 pounds.

223. The light bar shown in Fig. 96 is 5 feet long and the

applied force P is 50 pounds. Compute the values of W when

the arm m has the lengths i, 2, 3, 4 feet.

224. What vertical pressure comes on the fulcrum of Fig. 94

when P is 20 pounds, 6 is 4 feet, and c is 1.5 feet?

225. A bar weighs one pound and is so shaped that its

center of gravity hes one inch to the left of the fulcrum (Fig. 93).

A weight P may be moved along the arm b so as to balance a

load W placed at the right end. If P is 0.752 pounds and c

is 3.37s inches, where must P be placed when W has the

values o, 5, and 10 pounds?

226. In Fig. 95 let P be a force of 30 pounds inclined 17" 15'

to the vertical. If the horizontal length of. the light bar is

85 inches, what weight W can be supported at a distance of

12 inches from the fulcrum?

227. For Fig. 96 let / be 62 and m be loj inches. How
high will W be Ufted when the end at P is raised 6J inches ?

228. Three men carry a stick of timber, one man taking

hold at one end, and the others at a common point. Where is

this point so that each man may bear one-third of the weight ?

229. A beam 12 feet long weighs 40 pounds and carries a

load of 37 pounds at the right end. One support is at the

left end and the other may be moved. Where shall it be put so

that the pressure on the left support may be one pound ?

230. Fig. 100 represents a pounding-machine, the hammer
having a weight of 192 pounds and its center of gravity being

4 feet from the fulcrum. The short arm of the lever is 3 inches

long and it is depressed one inch, four times per second, by
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the revolution of the wheel A. What is the greatest horse-

power that can be delivered by the hammer ?

Art. 24. Systems of Levers

A system of levers formed by comiecting three simple

levers, as in Fig. 102, may be used when it is desired to

balance a heavy weight by a light one. There are three

fixed fulcrums A, Ai, A2] the three lever arms h, h, 62

are long, while the lever arms c, ci, C2 are made as short

as practicable. The weight W causes an upward pres-

sure i?i to be exerted at c, and this in turn causes the

downward pressure R at B, and this is balanced by the

force P. From the last article, the value of i?i is W. C2/62,

that of i? is i?i . C1/&1 or W. C1C2/&1J2, and that of P is

R . c/b or W. cciC2/6&i&2- Thus if c is one-tenth of h, ci

is one-tenth of 61, and C2 is one-tenth of iz, the force P
will be one-thousandth of W.

-I^-^ Y-T^ 5,^ ? Mb i i ? 1™. ^TL4,

Fig. 102 Fig. 103

It is on this principle that scales for weighing heavy

loads are constructed. Fig. 103 shows a simple form

where the lower lever is 12 feet long and its fulcrum

is at the end, W being 1000 pounds at a distance of ij

feet from this fulcrum, while the short arm of the upper

lever is 6 inches long and the load P is 20 pounds. To
ascertain where P should be put in order to secure equilib-

rium, the force R in the vertical link is first found to be

125 pounds; then if h is the distance of P from A, the

equation of moments is 206 = 125X6, whence 6= 37.5
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inches. From such computations the scale arm may
be graduated, but to insure accuracy it will be necessary

to take into account the weight of each lever. This

form of scale is, however, not a convenient one in prac-

tice, for the load W must always be appHed at the same

point on the lower lever.

Fig. 104 shows levers of a platform scale so arranged

that the reading of the scale arm AL is the same wherever

the load W may be placed on the platform. This result

is secured by making the horizontal distances CD and

BE equal, as also CF and BG. In this machine there

are three fixed fulcrums A, B, C, and the platform rests

upon the lever CF at D and upon the lever BH at G,

while the vertical link FG connects these two levers.

Let CD and BE be represented by p, and CF and BG
by q, BH by h, AK by k, and AL by /. Let W be placed

on the platform so that the horizontal distances from it

to D and E are d and e. The part of W borne at D is

W. e/ {d-\-e), the part of this carried to F isW.e/{d+ e) . p/q,

and the part of this carried to H is W. c/{d+ e) . p/q . q/h.

The part of W borne at E is W.d/{d+ e), and the part

of this carried to H is W .d/{d+ e) .p/h. The sum of

the parts carried toH is then W.p/h, which is independent

of d and e and is the same value as if the entire weight

had been applied at E. Then P.l/k = W.p/h gives the

law of this system of levers. For example, let P be

2 pounds, AL be i8 inches, AK h& one inch, BE be one

inch, and BH be 30 inches; then the load W will be

1080 pounds.

Fig. 105 shows the system of levers called the Roberval

balance, which is often used for pan balances, because

it is immaterial in what part of the pan the weights are
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placed. AB and CD are horizontal bars pivoted at

the middle points E and F, while CG and DH are ver-

tical bars rigidly attached to the two scale-pans. There

are joints a.t A, B, C, D, so that the rectangle ABCD
can easily change into a parallelo-ram when one end

rises and the other falls. If equal weights be placed

anywhere in the scale-pans, they are transferred to ^C and

BD and the bars remain horizontal. For example, the

two weights P shown in the figure will exactly balance

notwithstanding that their distances from E are different;

if the lower bar CD is removed, the end A will imme-

diately fall. It will be well for the student to make one

of these balances with seven sticks and a few nails.

c^ E
;

ij

Fig. 105

PROBLEMS

231. Find for Fig. 102 the vertical pressures borne by each

of the fulcrums and show that their sum is P+W.

232. Find the vertical pressures on each of the fulcrums

in Fig. 103, using the data given in the second paragraph.

233. If a lever like Fig. 93 is used for weighing by moving

P along the arm b, show by Art. 16 that the center of gravity

of the arm and loads should lie below the fulcrum.

234. In Fig. 102 let &2/c2= 6iAi=io, and c be 2 inches.

What is the value of 6 if P= 3 pounds and W= 2400 pounds ?

235. For Fig. 104 let AK=BE=CD=ii inches, CF=
7?G= 18J inches, and BH=2°i inches. Find the value of AL
when P= S and IF= 1000 pounds.
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236. Using the same lengths of arms find the value of AL
when P=5 and T^=2ooo pounds.

237. Consult an advanced work on mechanics and explain

the theory of the Roberval balance.

238. A man standing on the platform of a weighing-machine

presses downward upon the platform with his cane. Will

this cause his weight to appear greater ?

239. A straight lever 72 inches long has weights of 3 and 31

pounds hung from its ends, and it balances upon a fulcrum

distant 13 inches from one end. Compute the weight of the

lever.

240. A straight beam incKned at an angle of 89 degrees to

the vertical is held in equilibrium by a vertical force at its

foot and by horizontal forces of 800 pounds at both foot and

top. Compute the weight of the beam.

Art. 25. The Inclined Plane

The inclined plane is often used in lifting a weight

from a lower level AB to a higher level CD, as in Fig. 106,

in order to diminish the pull P. If the weight is lifted

vertically from A, this pull will be equal to W, the weight

of the body, but by the help of the inclined plane it can

be made much less. Let b be the angle which the plane

AC makes with the horizontal, and x the angle which P
makes with the plane AC. If there is no friction on

the plane, the value of P is found by equating to zero

the sum of the components of the forces parallel to the

plane, which gives

P cosa;—W sinb=0 or P=W. sinJ/cosa;

and this shows that both b and x should be small angles

in order to render the pull P small-
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Friction, however, is always a resisting force when a

body shdes up a plane. Let n be the coefficient of fric-

tion and N the normal pressure on the plane, then the

resisting friction is nN (Art. 19). The normal pressure

for Fig. 106 is W cosb—P sinx, and the resisting friction

is n(W cosb—P sinx), which must equal the resultant

moving force P cosx —W sinb. From this equality, there

is found

_ --, sin5 +n cosbP= W ;

:

cosx+» smx

When W and n are given, P may be computed for assigned

values of b and x. For example, let W be looo pounds

and n be 0.3; then for 6 = 30° and x=i6° 45', the value

of P is 728 pounds. The value assumed here for x is

that which gives the largest value to the denominator

of the fraction (Art. 22).

.^ 1

Fig. 106 Fig. 107 Fig. 108

When the force P is inclined downward at an angle x
with a line parallel to the plane, as in Fig. 107, the nor-

mal pressure is increased and the pull becomes much
greater. It is easily shown that the above formula applies

to this case if the sign of the last term of the denominator

is negative. For the above numerical data the value

of P for this case is 872 pounds.

The inchned plane, when used as aid in lifting weights,

has no mechanical advantage except in diminishing

the pull necessary to move the body. The work expended

J5 always greater than when the body is lifted vertically



Art. 25 ThE INCLINED PLANE 103

from the lower to the higher level (Art. 21), for the

resistance of both gravity and friction must be overcome.

Two inclined planes placed together so as to form an

isosceles triangle, as in Fig. 108, constitute an apparatus

called a 'wedge.' It is used to generate lateral pressures

by applying a force P upon the base of the wedge. Let

V and R be the resisting forces parallel and normal to

the direction of P, and let b be one-half of the angle at

the vertex of the wedge. Then the relation between

R and V is exactly the same as that between the weight W
and the horizontal force J? on a plane inclined to the

horizontal at the angle b. Hence, if there is no flec-

tion on the sides of the wedge,

V=iP and R=iPcotb

are the equations of equilibrium. Accordingly, if & is a

small angle, the lateral pressure R will be large compared

with P: for example, let b be one degree and P be lo

pounds, then R will be 286 pounds.

The frictional resistances along the sides of the wedge

diminish the above value of R, this case being identical

with that in Fig. 84, where W and H correspond to the R
and V of Fig. 108. Hence, for the wedge under actual

conditions, the values of the resisting forces are

V=iP and R=iPcot(b+a)

where a is the angle of friction, namely, the angle whose

tangent is equal to the coefficient of friction n. Thus, if

n is 0.1 14, the angle a is 6° 30'; then if b is one degree

and P is 10 pounds, the value of R is 38 pounds.
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PROBLEMS

241. On a plane of 16° 45' inclination a body weighing 100

pounds is held in equilibrium by a horizontal force. Find its

value, if there is no friction.

242. On the same plane let the coefficient of friction be

0.24. Find the least horizontal force which prevents the

body from shding down.

243. For the same plane find the least horizontal force

which will cause the body to sHde up.

244. Show that the resultant of V and R for the wedge

is iP/sinb when there is no friction.

245. Find the resultant of V and R for the wedge when the

angle of friction for the sUding surfaces is a.

246. Using the numerical data in the second paragraph,

find the number of foot-pounds of work required to raise the

body up the inclined plane, if its length is 80 feet.

247. What horse-power is expended in lifting 4000 pounds

per minute up a plane of 27° 15' inclination and 275 feet length

if there is no friction ?

248. What horse-power is expended under the same condi-

tions if the coefficient of friction is 0.33 ?

249. For the wedge let P be 100 pounds, R be 400 pounds,

and the coefficient of friction be 0.12. Compute the value of

b so that motion occurs.

250. For Fig. 107 let the horizontal force P be 8000 pounds
and the load W be 18 000 pounds, while the wedge ABC weighs

38 000 pounds. The base ^5 is 32 feet and the height BC is

24 feet. Will sliding occur on the base, if the coefficient of

friction is 0.37?

2500. Consult Ball's Experimental Mechanics (London,

1871), and ascertain how accurately the coefficients of friction

may be found by the help of the inclined plane.
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Art. 26. The Screw

Fig. 109 shows a common square-threaded screw which

can revolve in the fixed nut N. The force P is here

applied to a bar inserted in the head, this force acting

in a plane normal to the axis of the screw. When- the

screw is turned by the force P, acting with lever arm /

with respect to the axis, the screw will advance in the

fixed nut toward the right and overcome a resisting force

R at the right end ; under these circumstances it is required

to find the relation between P and R.

-TNiT
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ference of the cylinder. In Fig. 109 all the helixes have

the same pitch p, this being the distance which the screw

will advance in the fixed nut when one revolution is made

by means of the applied force P.

Let r be the mean radius of the helical surface; then

its mean inclination is the angle whose tangent is f/znr,

for in Fig. 110, BC represents p and AB represents 2Kr.

Let this angle be called b. The horizontal force H
required to move the resistance R up the inclined plane AB
is i? tan& if there is no friction, or i?tan(6 + a) if a is

the angle of friction (Art. 20). Now this force H acting

with the lever arm r must balance the applied force P
acting with the lever arm /, or Hr=Pl. Consequently

P=yi?tan6 P=jJ?tan(6+a)

are the conditions for equilibrium of the screw, the first

when there is no friction, and the second when friction

is taken into account.

Another method for deducing the equation for the

screw without friction is as follows. Let the applied

force P cause the screw to advance the distance p in one

revolution against the resistance R. The applied work

is P. 2nl and the work performed is R. p. Accordingly

P. 27tl=Rp, and this is the same as above, since p
equals 2nr . tan&. This may be written

R=P. 2nl/p or P=R. p/znl

which shows that R may be made very great by making the

pitch p very small. Thus, if P is lo pounds acting at a

distance of 3 feet from the axis, and if the pitch of the

screw is \ inch, then the resistance R is about i8 000
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pounds. But the influence of friction will much diminish

this value, as the following exercises show.

The above method of applying the resistance to the

end of the screw while the nut is fixed is that used in the

common screw press for copying letters, and in many

machines for testing materials. Another method, less

often used, is to have the nut movable and apply the

resistance to it while the screw is prevented from advancing;

the nut then moves longitudinally as the screw turns, and

the same equations as above give the relation between

P and R.

PROBLEMS

251. If the mean radius r is i\ inches and the pitch of

the screw is \ inch, find the angle h.

252. What force P acting at a distance of 6 inches from the

axis is necessary, for the last problem, in order to overcome a

resistance of 6000 pounds, if there is no friction ?

253. What force P is necessary for this case when the

coefficient of friction for the helical surfaces is o.oi ?

254. When the force R is applied to the end of the screw

show that backward motion will occur if PI is less than

Rr tan(6— a).

255. Using the data in the preceding problems, compute

the least force P which will prevent backward motion when a

force R of 6000 pounds is applied at the end.

256. Under what circumstances is it advantageous to lubri-

cate the threads of a screw, and under what circumstances

might it be disadvantageous ?

257. Consult a more advanced work on mechanics and

ascertain what is meant by a differential screw.

258. If the screw has 24 threads per foot of length and its

mean radius is 3 inches, compute the angle b.
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259. For this screw compute the distance from the axis at

which a force of 25 pounds must act in order to overcome a

resistance ^ of 12 000 pounds, if there is no friction.

260. Solve the last problem if the coefficient of friction for

the hehcal surfaces is 0.08.

Art. 27. The Pulley

A wheel which is turned by a cord or belt passing

around part of its circumference is called a 'puUey.*

It may revolve upon or be fastened to its axis, but in the

latter case the axis can turn in its supporting bearings.

A single pulley may be used in lifting a weight by an

applied force as in Fig. Ill, the weight W being at one

end of the cord and the force P applied at the other end.

The cord being supposed to be perfectly flexible, the

tension in it will be uniform throughout, and henceW= P,

if there is no friction on the axis of the pulley. The

advantage of the single fixed pulley is in permitting the

force P to be exerted in a convenient direction.

nrnv

Fig. Ill Fig. 112 Fig. 113

A movable pulley with the weight attached to its axis

is shown in Fig. 112, one end of the cord being held fast

at D and the force P acting vertically upward. Here

the tension in the cord is P on both sides of the pulley,

and hence W = 2P, or an applied force P can support a

weight equal to 2P. The direction of the pull is, how-

ever, unfavorable, since it is harder for a man to pull
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upward than to pull downward, and Fig. 113 shows how

this disadvantage may be overcome.

The above relations between P and W may be verified

by the principle of moments, taking the axis of moments

at the center of the axis of the pulley. Let r be the radius

of the pulley, then for Fig. Ill equilibrium occurs when

Wr=Pr, that is when W= P. For Fig. 112, taking the

axis at D, the equation is PX2r= WXr, whence W= 2P-

For Fig. 113 it must be noted that an upward force 2P

is exerted at E on the axis of the fixed pulley, so that the

equation of moments with respect to Z> is 2P)>iT,r—PX^
—1^X^= 0, which gives TF= 2P-

For the fixed pulley in Fig. Ill the distance which W is

lifted is the same as that through which P is exerted, but

for the movable pulley the distance is only one-half as

great. This may be shown as follows from the idea of

work (Art. 21). Let d be the distance through which P
is exerted in overcoming the resistance W, and let x be

the height through which W is lifted. Then, if no work

is lost in friction or in overcoming the rigidity of the

cord, Pd= Wx; for Fig. Ill, W equals P, whence x = d\

for Fig. 112, however, W equals 2P, and hence x= \d.

Various systems, of pulleys are shown in the following

figures, the most common being that of Fig. 114, where

the weight is attached to a movable block. If there is

two pulleys in the fixed block and two in the movable

one, and the tension in the cord is uniform throughout,

the weight W equals 4P, since it is supported by four

cords, but in its rise will be only one-fourth of the dis-

tance through which P is exerted. If there are three

pulleys in each block, W equals 6P,
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In Fig. 115 there are two movable pulleys; the tension

in the cord around the lower one is JPF, and that in the

other cord is ^W; accordingly W=4P for this case.

For the arrangement in Fig. 116, the tension in the cord

around the lower pulley is P, while that in the other cord

is 2P; hence I^=3P-

Fig. 117 shows the device called a differential pulley,

by which a small force P is enabled to lift a heavy

weight W. The two pulleys in the upper fixed block

are in one piece and turn about a common axis, each

having pins on its circumference to prevent the chain or

cord from slipping. Let R be the radius of the larger

pulley, and r that of the smaller one. Then, since the

tension in each branch of the chain around the lower

movable pulleys is JW, the equation of moments with

respect to the axis of the fixed pulley is ^WxR —^WXr
-PR = o, from which is found W=2PR/{R-r). This

shows that W can be made very large by making R~r
very small, and in fact the weight which can be hfted

is only limited by the strength of the chains and pins.

In all the above cases the pulleys and cords have been

supposed to be without weight, the cords to be perfectly

flexible, and all frictional resistances to be absent. These

conditions, however, never exist, and hence the weight W
which can be supported or lifted by a given force P is

always less than that given by the above equations.
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PROBLEMS

261. In Fig. 113 each pulley weighs 10 pounds and the

applied force P is 12 pounds. What weight can be lifted if

there is no friction and the cord is perfectly flexible?

262. In a system like that of Fig. 114 there are four pulleys in

each block. What is the relation between P and W ?

263. Find the relation between P and W for a system like

that of Fig. 115 when there are four movable pulleys.

264. Find the relation between P and W for a system like

that of Fig. 116 when there are five pulleys.

265. In a differential pulley let the two radii be 6 and sf
inches. What force P is required to lift a weight of 480

pounds ?

266. In a system like Fig. 114 there are three pulleys in

each block, and a weight P of 6 pounds balances a weight W
of 30 pounds. Find the weight of the lower block.

267. Draw a sketch like Fig. 114, with three pulleys in

the upper block and two in the lower one, the end of the cord

being attached to the lower block. Find the relation between

W and P.

268. Let the lower block of the last problem weigh 35
pounds, and a man weighing 150 pounds hang upon it with

one hand. What tension must he exert upon the free end

of the string with the other hand in order to maintain equi-

librium ?

269 and 270 may be exercises taken from other books.

Art. 28. Efpect and Efficiency

The ' effect ' of a force acting upon a body is the pres-

sure or the velocity which it produces (Art. 2). The

effect of a force applied at any point of a machine is the

pressure produced at another designated point or the



112 Simple Machines Chap, v

distance through which that point is moved against a

resistance. Thus, in a simple lever like Fig. 99 the

object of the applied force P may be to cause a pressure

W at the other end; in this case no motion occurs and

the pressure W equals P. b/c. If, however, it is required

to move the right end through a vertical distance k, the

left end must be depressed the vertical distance h, and k

equals h.c/b; in this case the applied work Ph equals

the delivered work Wk, if no work is lost in overcoming

other resistances. On account of these resistances the

useful work Wk is smaller than the appUed work. Now,
for any given value of Wk, let the resistance W be in-

creased, then the distance k will be diminished; or if the

distance k be increased, then will the resistance W be

diminished. One effect of a machine cannot therefore

be generally increased without altering the other; it is in

fact a well7known axiom in shops that ' what is gained in

force is lost in speed.'

The ' efficiency ' of a machine is the ratio of the useful

work performed by it to the total work expended. Thus,

for the simple lever of Fig. 100, let the useful work per-

formed at the long end be 522 foot-pounds per minute,

and the work applied at the other end be 600 foot-pounds

per minute; then the efficiency of the machine is 522/600

=0.87, that is, the machine has utilized 87 percent of

the work delivered to it.

The efficiency of raising a weight by the help of the

inclined plane is readily determined from the discussion

of Art. 22. Let b be the angle of inclination of the plane

and I its length, n the coefficient of friction or traction,

and W the weight which is raised through the vertical

height I smb. Then the useful work performed is Wl siab
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and the total work expended is Wl sinb +nWl cosb. Hence

the efficiency of the inclined plane is given by

Wl sinb I

Wl sinft +nWl cosb i +n cotb

For example, let n be 0.25 and & be 18 degrees; then

6=1/1.77=0.565, that is, 56^ percent of the total work,

is utiUzed in useful work. This formula appHes also to

the screw; if the pitch is small, b will be a small angle

and cot b will be large, and hence n must be made small

by lubricating the threads in order to render the efficiency

large.

The efficiency of systems of levers and pulleys can

only be determined by measuring the useful and the

total work by methods which are explained in books

on applied mechanics. A perfect machine, in which

these two quantities are equal, has an efficiency of unity;

if no work be utilized, the efficiency is zero. One of the

aims in constructing a machine is to make its efficiency

as near unity as possible, in order that all the work may
be utilized. It is, however, rare that efficiencies of

over 90 percent can be obtained.

The difference between the total work delivered to a

machine and the work utilized by it is called the lost

work, and this is lost in overcoming friction. Thus, in

raising a weight on an inclined plane, the work lost in

friction is nWl cosb. That friction produces heat is a

familiar experience, and it has been shown by many

investigations that there is an exact equivalence between

the amounts of lost work and the amounts of heat

generated.
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PROBLEMS

271. A force of 25 pounds is applied at one end of a lever 16

feet long. Where must the fulcrum be put so that a pressure

of 1000 pounds may be exerted at the other end ?

272. A work of 200 foot-pounds is applied to one end

of a lever each time that it is depressed. If the efficiency is

unity, and the other end is raised 5 inches, what resistance

will be then overcome?

273. Solve the last problem if the efficiency is 80 percent.

274. Fig. 101 shows a machine for crushing stone placed

at S. The two bars are of equal length and equal incUnation

to the horizontal, and the applied vertical force P produces

large horizontal forces H. If P is 20 pounds and the inchna-

tion of the bars is one degree, show that 2if is 573 pounds.

275. Solve the last problem if the inclination is one minute.

276. Compute the efficiency of a machine which delivers

15.6 horse-powers, after losing 800 foot-pounds of work per

second in friction.

277. A screw like Fig. 109 has a pitch of ^ inch, its mean
diameter is 3J inches, and the coefficient of friction is 0.04.

Compute its efficiency.

278. If this screw moves a resistance of 1200 pounds through

a distance of 2J inches, what work is lost in friction?

279. In a system of pulleys like Fig. 114 the force P moves

through 76 feet and raises 600 pounds through a vertical dis-

tance of 6.4 feet. If the efficiency is 0.85, compute the value

of P.

280. What horse-power is exerted by this force P when
the weight is lifted lo^ inches per second?
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CHAPTER VI

GRAVITY AND MOTION

Art. 29. Velocity and Acceleration

Gravity is the name given to the force which causes

bodies to press downward upon supports beneath them

or to pull downward when they are suspended. When
the support is removed from a body, gravity causes it

to fall vertically; when a body is thrown upward, gravity

causes it to return to the ground. This chapter deals

with the motion caused by gravity near the surface of

the earth, that is, within the hmits of common observation.

Falling bodies, like snowflakes and small rain-drops

usually descend in the air with a velocity nearly uniform;

but bodies of greater density, like stones and bullets,

are observed to increase in velocity as they approach

the earth. These two kinds of motion will now be ex-

plained.

'Uniform motion' is that in which a body moves

through equal distances in equal times. The ' velocity

'

of the body in this case is the distance passed over in a

unit of time; thus if a body in uniform motion passes

through a distance of 126 feet in 20 seconds, its velocity

is 6.3 feet per second.

'Accelerated motion' is that in which a body moves

through a greater distance in each second than in the

preceding second. The velocity of the body in this case

at any instant is the distance which it would pass through

in one second if its motion at that instant continued

uniform, Thus, a projectile may be said to have a
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velocity of 1200 feet per second at a given instant, mean-

ing that it would pass through 1200 feet in one second

if its motion at that instant were maintained uniform

for one second.

'Uniform accelerated motion' is that in which the

velocity of a body increases the same amount in each

second. Thus if the velocities of a body are 7, 10, 13,

and 16 feet per second at the ends of four consecutive

seconds, the velocity has increased 3 feet in each second,

and the motion is accelerated uniformly. It is found by

observation that the motion of a falHng body is of this

nature when the resistance of the air is very small.

The unit of time is generally taken as the second, and

the unit of distance as the foot or the meter; velocities

are then expressed in feet per second or in meters per

second. The term ' acceleration ' will be used for the

increase of velocity in one second, and this is hence

expressed in feet per second per second or in meters per

second per second. When a body is in uniform motion

there is no acceleration; when it is in uniform accelerated

motion the acceleration is constant.

For the case of uniform motion, let v be the velocity

and / the distance passed over in t seconds; then v= l/t

or l= vt. This case is graphically represented in Fig.

118, where the time / is measured from A along a hori-

zontal line and the velocity v at any instant is laid off

vertically; here the area of the rectangle, or vt, repre-

sents the distance passed over.

For the case of uniform acelerated motion let v be the

velocity at any instant and / the acceleration. When the

bpdy starts from rest, it§ velocity at the end of the first
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second is /, at the end of the next second it is 2/, at the

end of the third second it is 3/, and at the end of t seconds

it is //. This case is graphically represented in Fig. 119,

where the time t is measured along a horizontal line and

the velocity v at any instant is laid off vertically; here

the velocity at the end of any time t is v= tl and the dis-

tance which the body moves in / seconds is the area of

the triangle, or l= ^vt. When the body has a velocity

u at the beginning of the first second, its velocity at the

end of that second is m + /, and at the end of t seconds

it is v=u+ tf; Fig. 120 shows this case, and the area of

the trapazoid represents the distance passed over in t

seconds, or l= ^{u + v)L
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' problems

281. A railroad train is in uniform motion at the rate of

44 feet per second. What time is required for it to travel

30 miles ?

282. If a train runs at the uniform speed of 60 miles per

hour, how many feet will it pass over in one second ?

283. A body starting from rest acquires in 4^ seconds a

velocity of 150 feet per second. If it is uniformly accelerated,

find the acceleration.

284. At the ends of four consecutive seconds the velocities

of a body are 31.5, 28.1, 24.7, 21.3 feet per second. What
kind of motion is this ?

285. What kind of motion is that for which the velocities at

the ends of four consecutive seconds are 6.0, 7.1, 8.3, 9.6 feet

per second?

286. What distance is passed over by a body in three seconds

when it moves uniformly with a velocity of 9.8 meters per

second ?

287. When the velocity of a body is uniformly accelerated in

0.52 seconds from o to 6 feet per second, through what distance

has it moved ?

288. A body falling from rest has a velocity of 32.2 feet per

second at the end of the first second. Show that the distance

passed over is 16.1 feet.

289. A body moving with a uniform acceleration of 32.2 feet

per second per second is observed to have Aelocities of 4.3

and 187.5 ffi^t per second at different instants, ^^'hat time

elapsed between these instants ?

290. A body moving horizontally at one instant is observed

later to be moving obliquely toward the earth. What causes

might have produced the change in direction?
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Akt. 30. Vertical Fall or Bodies

The force which gravity exerts upon any body is ascer-

tained by weighing it with a spring balance. This weight

seems the same at the top of a house as on the ground

floor, and also the same for all moderate heights above

the earth's surface. It has been found, however, that a

body weighing loo pounds at the sea-level weighs about

99.8 pounds on a mountain five miles high. It has

also been ascertained that a body weighing 100 pounds

at sea-level near the earth's equator weighs about 100.5

pounds at sea-level near the poles. These variations

are small and those that can be noted through heights

such as can be observed in the case of falling bodies

are much smaller. The force of gravity may hence

be considered as constant for all common heights of

fall.

When a heavy body faUs from rest toward the earth,

its velocity is observed to increase and to be greatest

when it strikes the ground. A body with a large surface,

like a feather, may not show this increase in velocity,

but when the experiment is tried in a vacuum it is found

that a feather and a bullet fall with the same velocity

and that this continually increases during the fall. It is

hence concluded that the resistance of the air causes

the feather to fall slower than the bullet, and that in a

vacuum, where this resistance is absent, all bodies fall

with the same accelerated velocity. In the following

pages the motion of bodies under the action of gravity

is supposed to occur in a vacuum.

Since the force of gravity is constant for all common

heights of fall, it follows from Axiom 4 of Art. 2 that
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the effect produced upon the velocity is the same in each

second, or that the acceleration is constant. The fall

of the body hence occurs with uniform accelerated

motion (Art. 29). This conclusion has been verified by

many experiments and measurements, and it is found

that when a body falls vertically the mean value of its

acceleration in the United States of America is 32.16

feet per second per second; that is, the gain in velocity

is 32.16 feet in each second, whatever the velocity may
be at the beginning of that second. The letter g will be

used for this acceleration.

The equations deduced in the last article for uniformly

accelerated motion Hence apply directly to the case of a

body faUing vertically. Let the body start from rest

at the beginning of the time t, and let g be the acceleration

or gain per second in velocity. The velocity v at the

end of the time t is then v= gt. The height h through

which the body falls in this time is h = ^vt; or inserting

in this the above value of v, the height of fall is h= \gfi.

Also inserting the value t= v/g in h= ^vi, there results

h= v^/2g. Accordingly,

v=gt h=^gfi v^=2gh

are three important formulas for a body faUing verti-

cally from rest, the resistance of the air being neglected.

Using 32.16 feet per second as a mean value of the

acceleration g, the following values of the velocity acquired

and of the distance fallen at the end of several seconds

are computed:

For time t=o,

Velocity v=o,

Height A=o,

I,
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These results have been confirmed by experiments con-

ducted in such a manner that the resistance of the air

is eHminated.

The above equations contain the constant g and the

three quantities h, v, t. When t is given the velocity may
be found from v= gt, and the height from h= ^gf, as is

done above. These equations show that the velocity

is proportional to the time, and that the height of fall is

proportional to the square of the time. Thus, if the

time is doubled, the velocity becomes twice as great,

but the height of fall becomes four times as great.

The formula h= ^gt^ may be used to find the time

required for a body to fall through the vertical height h.

For example, let the height of a tower be 199 feet; then

a stone dropped at the top will fall to the ground in

/= (2X199/32.16)^ =3.52 seconds, if not retarded by

the resistance of the air.

The third formula, v^= 2gh, may be used to find the

velocity when the height is given, or the height when the

velocity is given. For example, if it be required to find

the velocity which a body will acquire in falhng through

a height of 199 feet, then i'= (2X32.i6Xi99)* = ii3.2

feet per second, if there is no resistance of the air. This

formula shows that the velocity is proportional to the

square root of the height, or that the height is propor-

tional to the square of the velocity.

Owing to the friction of the air, the actual velocities

and heights of a falling body for a given time / are

always less than those computed from the above formulas,

and the actual time for a given height is greater. The
amount of retardation depends upon the surface of the

body as compared WJth its densitj^. Spherical stones
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and bullets suffer but little retardation when the height

of fall is less than 300 feet. It may be noted here also

that the value of the acceleration g may vary between

32.26 and 32.06 feet per second per second, the former

value being for sea-level at the poles of the earth, and

the latter for high mountains at the equator. The value

32.16 feet per second per second is generally used in the

United States of America in engineering computations.

In Arts. 35 and 40 methods for determining the value

of g will be explained.

PROBLEMS

291. A body falling vertically has a velocity of 150 feet per

seconds. How many seconds have elapsed since it started

from rest ?

292. Through what height will a body fall in one-tenth of

a second? in two-tenths of a second?

293. What time is required for a body to fall one inch? also

four inches ?

294. What velocity is acquired by a body in falling through

a height of o.oi feet? also for 0.09 feet?

295. Show that the distances through which a body falls

in the first, second, third, and fourtli seconds are equal to

k. ig, ig> and ^g.

296. A lead bullet is observed to fall from rest through a

height of 78 feet in 2^ seconds. Compute the value of the

acceleration.

297. A stone is dropped from the top of a tower and 2

seconds later another stone is dropped from a point half-way

up the tower. If they strike the ground at the same time, find

the height of the tower.

298. A falling body passes through a distance of 215 feet in

the last second of its fall. Find the height from which it fell

and the total time of its fall.
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299. The mean value of g in the metric system is 9.80 meters

per second per second. Compute the velocities and heights

for a falling body at the end of i, 2, 3, and 4 seconds.

300. When the velocity is 1.37 meters per second, through

how many centirtieters has the body fallen?

Art. 31. Oblique Fall

When a body is placed upon an inclined plane, it will

slide down that plane if the frictional resistance does

not prevent such motion. Imagine a plane perfectly

smooth, so that this resistance is absent; let a body of

weight W be upon this inclined plane BC, which is in-

clined to the horizontal at the angle b; then the force P
which acts parallel to the plane is W sin6, and this is

the only force which causes motion, for the normal com-

ponent W cosa can have no influence in the direction BC
(Art. 2, Axiom 5). The force W is able to produce an

acceleration ^ in a vertical direction, but the force W sinb

can produce only the acceleration g sinb in the direction

BC, for the effects of forces are proportional to the mag-

nitudes of the forces (Art. 2, Axiom 4).

Fig. 121

A body sUding dovm an inclined plane of complete

smoothness hence has the constant acceleration ^sin&,

and its motion is uniformly acceleirated. At the end of

one second after starting from rest, its velocity is g sinb,

at the end of ( seconds its velocity is v=(g sinb)t. Let I

be the distance, measured along BC, which the body
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passes over in t seconds; this distance, as shown in Art.

29, is l= \vt. EUminating t from these two equations,

there results l=v^/2gsvab. Accordingly,

v={g smh)t 1= i(g sinb)t^ v^=2{g smb)l

are the equations for the fall of a body on an incHned

plane, if there is no resistance of the air and no friction

on the plane. These are the same as the equations

for vertical fall, except that g is replaced by g sinb, and

the distance is measured along the plane instead of ver-

tically. The velocity acquired in a given time is hence

less than under vertical fall; for example, when b is

30 degrees, sin& is J, and the velocity is only one-half of

that for a vertical fall.

Let h be the vertical height corresponding to the length I

on the inclined plane; then ^sin& equals h, and hence

the third equation above becomes v^ = 2gh. This proves

that the velocity acquired by a body in falhng through

the vertical height h is the same whether the fall be in a

vertical line or along an inclined plane. The time occu-

pied in the fall from a higher to a lower level is, how-

ever, least when the fall is vertical.

The resistance of friction along the inclined plane may

be taken into account as follows: Let n be the coefficient

of friction (Art. 19) and W the weight of the body; then

nW cosb is the resisting force of friction, and the resultant

force parallel to the plane which causes motion down

the plane is W{smb—n cosb). Now if W can acquire the

acceleration g when falling vertically, it can only acquire

the acceleration g{smb —n cosb) when shding down the

plane. The above formulas for motion on a frictionless

plane will hence apply to an actual plane if sin6 be re-
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placed by smb—ncosb. For example, if b be 30° and

n be 0.5, then the acceleration is 32.16(0.5— 0.433) =2.15

feet per second per second, and the distance passed over

in the first second will be 1.07 feet, or about one-sixteenth

of that which occurs in vertical fall. When n and b

have such values that sin&—«cos6 is zero, the body

remains at rest upon the plane.

When a body slides down a succession of inclined

planes BM, MN, etc., as in Fig. 122, and h is the total

vertical fall from B to C, the formula v^= 2gh also applies

if there is no friction and no resistances due to the angles

M, N, etc. For the velocity at M depends only upon

the vertical height from B to M, and if this is not altered

at M, the velocity at N is due to the vertical fall from

B to N. When these planes become very short, they

form the curve BMC, and the velocity of a body sliding

down this curve is also given by v- = 2gh, where h is the

vertical height of B above C. The time is, however,

dififcrent from that of a vertical fall or from that of the

fall down an incUned plane. There is a certain curve

joining the points B and C for which the time of fall is

less than for any other path between these points, and

by the help of a branch of mathematics called the cal-

culus of variations it can be shown that this curve is a

cycloid.

PROBLEMS

301. An inclined plane has a rise of 30 feet and a base of

40 feet. Find the, time required for a body to slide down
the hypothenuse if it be perfectly smooth.

302.. Find the time for the last problem if the coefficient of

friction is 0.05;' also when it is 0.50.

303. Compute the velocity at the foot of the above plane
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(a) when it is perfectly smooth, (6) when the coefficient of

friction is 0.50.

304. Show that the velocity of a body at the foot of

a rough inclined plane of vertical height h is given by

v^=2gh(i — n cotb).

305. A plane has an inclination of 40° 15' and its length is

40 feet. Find the velocity of a body at the foot, if it starts

from rest at the top and there are no resistances.

306. A body starts from rest at the top of an inclined plane

and reaches the foot in 6.4 seconds. If the length of the

plane is 100 feet and it is perfectly smooth, compute its

incUnation.

307. A body slides down a smooth cycloidal curve con-

necting the points B and C (Fig. 122). If the vertical height

of B above C is one foot, find the velocity at C.

308. Let the horizontal distance between B and C in the

last problem be 20 feet. Show that the time of fall is more

than two seconds.

309. In a vertical circle let chords be drawn from the

lowest point. Show that the time occupied by a body in

sliding down any chord is equal to the time of falUng through

the vertical diameter.

310. A stone is dropped from the top of a tower and at the

same instant another stone is dropped from a point half-way

up the tower. If the first stone strikes the ground 1.2 seconds

later than the second, compute the height of the tower.

Art. 32. Potential and Kinetic Energy

In Art. 21 work was defined as resistance multiplied

by the distance through which it is overcome, and the

work done in lifting a body against the constant resistance

of gravity was expressed by Wh, where W is the weight

of the body and h is the vertical height of Uft. "When
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this body falls through the height h, gravity is said to

store the work Wh in it, and Fig. 90 shows how this

work can be utilized in lifting the body to the level from

which it started, if no work is lost in frictional resist-

ances. It may hence be said that a body of weight W,
situated at the vertical height h above the surface of the

earth, has a capacity to do the work Wh.

' Energy ' is the capacity to perform work, and a body

of weight W at the vertical height h above the surface

of the earth is said to have the potential energy Wh with

respect to the earth, because it can be made to do this

amount of useful work if frictional resistances are elim-

inated. ' Potential energy ' is the work which a body

can perform by virtue of its position above the earth's

surface and, like work, it is expressed in foot-pounds.

Thus, an iron ball weighing 50 pounds and situated

4 feet above the earth's surface has a potential energy

of 200 foot-pounds, that is, it has the capacity to per-

form 200 foot-pounds of work. If this ball strikes the

head of a nail and drives it 1.5 inches into a plank against

a constant resistance F, the mean value of this resistance

is F= 200X1 2/1. 5 = 1600 pounds.

Fig. 122 shows how a body may be guided in its fall

so that the direction of its velocity becomes horizontal

as it reaches the earth, and in the last article it is proved

that this velocity depends only upon the vertical height h,

and that in the absence of resistances the equation v^= 2gh

is always true. Hence follow the formulas

h=— and Wh=W—
2g 2g

in which Wh is the potential energy of the body in its
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position of rest at the upper level, while W. li^/zg is the

energy of the body at its lower level, that is, by virtue

of the velocity v it has a capacity to perform the work

W. v^/2g. The height h is that between the initial and

final positions of the center of gravity of the body.

' Kinetic energy ' is the work which a body can per-

form by virtue of its velocity. The direction of the

velocity is immaterial, for the equation v^ = 2g}i holds

whether the velocity be vertical, inclined, or horizontal

at the end of the height h, as Arts. 30 and 31 show.

Whenever a body of weight W is moving with a velocity

V in any direction with respect to the earth, it is said to

have a kinetic energy of W. v^/2g with respect to the

earth, g being the acceleration of the body in a verti-

cal fall. For example, let a cannon-ball weighing 305

pounds be moving with a velocity of 1500 feet per second

as it leaves the muzzle, then its kinetic energy is 305

X 1500^64.32 = 10 670 000 foot-pounds, that is, this

moving ball would be able to lift a weight of 10 670

pounds through a vertical height of 1000 feet if no work

is lost in frictional resistances.

When a body is falling through the height h the sum
of the potential and kinetic energies at any instant is

constant and equal to Wh. To show this, let x be any

vertical height measured upward from the earth, and

let v^ be the velocity which the body has acquired in

falling through the vertical height h—x. Then the rela-

tion between Vx and h—x is given by v^= 2g{h—x).

Accordingly it follows that

x+-^=h or Wx+W^-=Wh
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in which Wx is the potential energy and W. vj/2g is

the kinetic energy of the body at the height x, while Wh
is the potential energy of the body before it began to

fall. This law is true whatever may be the direction of

the velocity v^, that is, the body may be falling vertically

or obliquely. For example, let a body weighing 25 pounds

start from rest at B (Fig. 122) and slide down the friction-

less curve BMC to the earth at C. Let M be 5 feet and

C be 12 feet vertically below B. Then the potential

energy of the body at B with respect to the earth is 300

foot-pounds, while its potential energy at M is 175 foot-

pounds; accordingly its kinetic energy at M is 125 foot-

pounds. At B the energy of the body is entirely poten-

tial, at any point between B and C its energy is partly

potential and partly kinetic, and on arriving at C its

energy is entirely kinetic.

When a body of weight W is in motion in any direc-

tion with the velocity m at a vertical height h above the

earth's surface, its energy with respect to the earth is

partly kinetic and partly potential; Its kinetic energy

is W. u^/2g and its potential energy is Wh. When the

body reaches the earth it has a certain velocity v, and

its kinetic energy is W. v^/2g. If no work has been

lost in friction, its kinetic energy as it strikes the earth

must be equal to the sum of the kinetic and potential

energies which it had when at the height h; accordingly,

W.v^/2g equals W. (u^/2g+ h). For example, if a can-

non-ball weighing 305 pounds is fired with a horizontal

velocity of 800 feet per second from an elevation of

480 feet above a target, its kinetic energy with respect

to the target is 305x800^/64.32 = 3035000 foot-pounds

and its potential energy is 305 X 480 = 146 400 foot-pounds.
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Hence, if there is no work lost in overcoming the resist-

ance of the air, the kinetic energy of the ball, as it strikes

the target, is 3 i8i 400 foot-pounds.

PROBLEMS

311. When a mine cage weighing 6500 pounds is at the top

of a vertical shaft 185 feet deep, find its potential energy with

respect to the bottom of the shaft.

312. If the suspending rope of this cage breaks and the cage

reaches the bottom of the shaft with a velocity of 96 feet per

second, find its kinetic energy.

313. If this moving cage is stopped in five seconds, what

horse-power does it have during that time?

314. Show that the kinetic energy of a moving body will

be quadrupled if its velocity is doubled.

315. When a body falls from a height h, without air resist-

ance, show that its kinetic energy at the end of 3 seconds is

nine times as great as at the end of the first second.

316. A body weighing 100 pounds moves down an inclined

plane in 7.4 seconds, the incKnation being 27° 15' and the

coefficient of friction being 0.39. Find its kinetic energy

when it reaches the foot of the plane.

317. A body weighing 400 pounds is moving horizontally

with a velocity of 87 feet per second. To what height can it

lift a body weighing 50 pounds ?

318. A body weighing 400 pounds is moving vertically

upward with a velocity of 87 feet per second. To what
height will it rise ?

319. A constant force acting through a distance of 3 inches

on a body of 8 pounds weight imparts to it a velocity of 4.35

feet per second. Find the magnitude of the constant force.

320. A body weighing 75 pounds, moving with a velocity

of 100 feet per second, meets a constant resistance of 150
pounds, which continues for a distance of 30 feet. What is the
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kinetic energy of the body and its velocity after passing this

resistance ?

Art. 33. Motion of Projectiles

When an applied force has acted upon a free body

of weight W and then ceased, it moves in the direction

of that force with a certain velocity u. Such a body is

called a 'projectile,' and it is required to find the cir-

cumstances of its subsequent motion under the action of

gravity, for gravity causes it ultimately to fall to the sur-

face of the earth.

The simplest case is that when the appUed force pro-

duces an initial vertical downward velocity u, as might

occur for a bullet fired from a gun in a balloon. The
vertical acceleration, or gain in velocity per second due

to the force of gravity, being g, its velocity at the end of

the first second is u+ g, and at the end of t seconds the

velocity v = u+ gt. The distance fallen through in t

seconds is then h= ^(u + v)t, as in all cases of uniformly

accelerated motion with initial velocity (Art. 29). Tak-

ing the value of v from the first equation and inserting

it in the second gives an equation between the height h

and the time t; taking the value of t from the first equa-

tion and inserting it in the second gives an equation

between the height h and the velocity v. Accordingly

v= u+gt h=ut+^gt^ v^=u^+2gh

are three important formulas for the case of vertical

fall with a given initial velocity, air resistance being

neglected.

When the body is projected vertically upward, the
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velocity at the end of the first second is u—g, since gravity

now diminishes the upward initial velocity u; the upward

velocity at the end of t seconds is then v = u — gt, so that

V decreases with the time and finally becomes zero, at

which instant the body reaches the highest possible

elevation. As before the distance d passed over in

the time / is d = \{u-\-v)t, and

v=u--gt d=ut—^gi^ v'^=u^—2gd

are the three formulas for a body projected vertically

upward, these being similar to those for the previous

case except that all terms containing g are reversed in

sign. This is uniformly retarded motion, since v is

always less than u. The first equation shows that the

velocity v becomes zero when t= u/g; this value inserted

in the second equation gives d==u^/2g, which is the height

to which the body will rise, and the same result is found

by making v equal to zero in the third equation. The
upward vertical velocity {2gd)^ must hence be given to a

body in order that it may rise to the height d and then

stop; it remains at rest, however, but an instant, for the

force of gravity causes it immediately to begin to fall.

When a body is projected in any direction with a

velocity u from a point whose height above the earth's

surface is h, its velocity v as it strikes the earth may be

deduced by equating its final kinetic energy to the sum
of its potential and kinetic energies in its initial position.

The final kinetic energy is W. v^/2g, the initial kinetic

energy was W. u^j^g, and the initial potential energy was

Wh; therefore

W—=W— +Wh or v^=u^ + 2gh
2g 2g

'>
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This is the third equation deduced above for vertical fall,

and it is independent of the direction of the initial velocity

u. The time of flight in the curved path is, however,

always greater than that for vertical fall. Fig. 123 shows

three bodies projected in three different directions with

the same initial velocity u from points at the vertical

height h above the ground. The paths described are

quite different, but the velocity v on reaching the earth

at C is the same in the three cases and is given by

v^=u^ + 2gh; the time required to reach the earth is

evidently the greatest when the direction of u has an

upward inclination.

>h '\^ 171
~\ \h \ h: * L-^-l\Z)

Fig. 123 Fig. 124

The curve described by a projectile when the initial

velocity u is not vertical is a parabola, that is, a curve

such that the vertical projection of any portion below its

highest point is proportional to the square of its horizon-

tal projection. This will be shown for Fig. 124, where

the initial velocity u is horizontal. Let D be any point

on the curve, y the vertical and x the horizontal projec-

tion of the curve BD, and t the time required to pass

from B to D. If it were not for the initial velocity, the

body would fall vertically through the distance y in the

time t = (2y/g)^, as is known by Art. 30. If it were not

for the force of gravity, the body would move hori-

zontally with the uniform velocity u and pass over the

distance x in the time t=x/u. Equating these two

values of if there is found 2U^y=gx^, so that values of
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y are proportional to the squares of x, and hence the

curve is a parabola. When y becomes equal to h, the

horizontal distance x is called the range of the projectile

on the ground, and its value is {2u^h/g)^. For example,

if a buUet be fired horizontally with a velocity of 430 feet

per second from a point 60 feet above the earth, its

range is 830 feet. Owing to air resistance, however,

the actual range will be somewhat less than this com-

puted value.

By the help of the above formulas numerous prob-

lems relating to the motion of projectiles may be solved.

For instance, let a body be projected vertically upward

with a velocity of 150 feet per second, and let it be re-

quired to find the time in which it would rise a distance

of 300 feet. Here the equation d= ut— \gfi applies;

making ^^ = 300 feet, ^= 150 feet per second, and solving

the quadratic, there is found i! = 2.88 or ^= 6.42 seconds;

the first of these values gives the time when the body is

passing upward through a point 300 feet above the

earth, and the second the time when it is at the same

point in its fall from the highest elevation which it attains.

Air resistance is neglected here and in the following

problems.

PROBLEMS

321. A body is projected vertically downward with a velocity

of 125 feet per second from a point 300 feet above the earth.

Find the time occupied in the fall.

322. Using the above data and the time, compute in two
ways the velocity of the body when it strikes the earth.

323. From the foot of a tower a body is projected upward
with a velocity of 87 feet per second, and at the same instant
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another body is let fall from the top of the tower. If they

meet half-way up the tower, find its height.

324. A body enters a room through the ceiling with an

initial velocity of 65 feet per second and making an angle of

30 degrees with the vertical. Compute its velocity when it

strikes the floor, the height of the room being 12 feet 3 inches.

325. A body is projected vertically upward with a velocity

of 83 feet per second. What time elapses before it returns to

earth ? What is its velocity when it is at a height of 1 10 feet ?

326. A ball is fired horizontally from a height of 5.7 feet

above the ground and strikes the ground at a horizontal

distance of 1000 feet from the muzzle of the gun. Compute

the initial velocity.

327. The guns of a fort are 157 feet above the water levtl

of a harbor. What range do they command, if the horizontal

initial velocity of the projectiles is 2000 feet per second?

328. If the direction of the initial velocity in the last prob-

lem has an upward incUnation of 45 degrees, show that the

range will be very much increased.

329. The kinetic energy of a ball as it leaves a gun is

4 000 000 foot-pounds. If the initial velocity is 500 feet per

second, compute the weight of the ball. If the elevation of

the gun is 95 feet higher than the vessel, compute the final

velocity of the ball.

330. A poet wrote: "Swift of foot was Hiawatha; he could

shoot an arrow from him and run forward with such fleet-

ness that the arrow fell behind him. Strong of arm was

Hiawatha; he could shoot ten arrows upward, shoot them

with such strength and swiftness that the tenth had left the

bowstring ere the first to earth had fallen." Compute the

running speed of Hiawatha in miles per hour, assuming that

he could shoot ninety arrows per minute and that when

shooting forward he aimed at an angle of 45 degrees with the

horizontal.
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Art. 34. Composition of Velocities

When a body is moving with the velocity v, its velocity

in any direction is defined to be the component of v in

that direction. If a velocity ii in a horizontal plane

makes an angle a to the eastward of a meridian Une, its

northward velocity is v cosa and its eastward velocity

is V sina. If the velocity v is inclined at an angle a to

the horizontal, its horizontal velocity is v cosa and its

vertical velocity is v sina.

In the last article it was taken for granted that the

body in Fig. 124 would continue to move with the initial

velocity u if it were not for the action of gravity. This

assumption is justified by all experience, and the fol-

lowing axioms may be stated as truths of experience:

Axiom 9. A body in uniform motion does not

change the direction or magnitude of its velocity

unless force be applied to it.

Axiom 10. When a body in uniform motion has

been deflected from its original direction by gravity

only, its velocity in a horizontal direction remains

unaltered.

The first of these axioms is contained in the laws of

motion announced by Newton in 1687, and he notes

in support of the same that projectiles maintain their

velocities unless retarded by the resistance of the air or

drawn downward by gravity, and that a rotating top

does not lose its velocity except through air resistance

and friction. Many other facts may be cited and no

case has ever been observed in which the axiom is vio-

lated. Axiom 10 is really a corollary from Axioms 1
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and 9, but many facts may be mentioned in its support,

one of which is that a body dropped from a moving car

continues to move horizontally with the velocity of the

car except in so far as retarded by air resistance.

The first paragraph of this article indicates that a

velocity may be replaced by two components. Con-

versely, if the components be given, the velocity itself

may be found. Thus, let the body B in Fig. 125 be

projected with the initial velocity u from a point at the

height h above the ground, this velocity making an angle

a with the horizontal. The horizontal velocity of the

body at C is M cosa, since this is unaltered by gravity.-

The vertical velocity at 5 is m sina, and that at C is

M-sina+ ^/, since gravity causes the acceleration g in each

second. The resultant velocity at C is represented by

the diagonal of a rectangle having the horizontal and ver-

tical velocities for its sides, and accordingly

v^= {u cosa)^+(u sina +giy=u^+ 2g(ut sina +igt^)

Now, the quantity utsina+ ^gt^ is the height h, and

hence v^=u'^+ 2gh, which is the same result as that

deduced in Art. 33.

The above considerations indicate that the resultant

of two component velocities is the diagonal of a parallelo-

gram formed upon sides representing those components,

and this may also be inferred from the parallelogram of

forces, since each force might produce a velocity in its

direction, and the actual velocity is that produced by

the resultant of the two forces.

'Absolute velocity' is that with respect to the earth,

this being regarded as at rest- All the velocities thus
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relative velocities is shown in Fig. 127, where a man is

seen running from left to right withrthe absolute velocity u,

while rain is falling vertically with the absolute velocity v,

and it is required to find the velocity of the rain-drops

relative to the man. To do this the man should be con-

sidered as at rest, so that the earth and the rain-drops

may be regarded as moving from right to left with the

relative velocity u. The resultant of u and v then is

V=(u^+v^)^, and the angle which it makes with the

vertical is given by ta,nb= u/v. Thus, if the man runs

with a velocity equal to that of the falling rain, the rain

strikes him in the face with a relative velocity of F= i .414M,

and its direction makes an angle of 45 degrees with the

vertical.

PROBLEMS

331. A man can row 2.1 miles per hour in still water. How
long will it take him to cross a pond 1320 feet wide? How
long will it take him to cross a stream of the same width

which is flowing with a velocity of 1.5 miles per hour?

332. A boat is moving north with a velocity of 8 miles per

hour and another boat is moving east with a velocity of 12

miles per hour. Find the velocity of the first boat relative

to the second.

333. A steamship is moving west with a velocity of 22 miles

per hour, and to the passengers the wind appears to blow

from the north with a velocity of 15 miles per hour. Find

the absolute velocity and direction of the wind.

334. A wagon is moving with the velocity v. Find the

absolute velocity of the top of a wagon wheel.

335. A body is projected horizontally with a velocity of

200 feet per second. Find the magnitude and direction of its

velocity after it has been in motion for three seconds.

336. A body is projected with a velocity of 301.6 feet per
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second in a direction making an angle of 60° with the vertical.

How many seconds will elapse before it reaches its highest

elevation ?

337. A man traveling east at the rate of 3 miles per hour

notes that the wind appears to blow directly from the north;

on doubUng his speed it appears to blow directly from the

northeast. Find the true direction and velocity of the wind.

338. A bullet is fired vertically downward from a car which

is moving horizontally at a speed of 88 feet per second. If

the velocity of the bullet is 200 feet per second relative to the

car, find its absolute velocity.

339. If the bullet of the last problem weighs 0.23 pounds,

find its kinetic energy with respect to the earth. If the muzzle

of the gun is 12 feet above the earth, find the kinetic energy

of the bullet on reaching the earth.

340. A person on the rear of a moving car throws a stone

backward with a velocity of 27 feet per second, and in a direc-

tion making an angle of 30 degrees with the vertical. To a

person standing on the earth this stone appears to drop in an

exact vertical. Find the speed of the car in miles per hour.
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CHAPTER VII

INERTIA AND ROTATION

Art. 35. Inertia of Matter

When a body at rest is put into motion by an applied

force, a resistance is experienced; when a body in motion

is brought to rest by an applied force, a similar resistance

is experienced. This resistance is called 'inertia,' and

it is found to be the greater the more quickly the change

of velocity is made. Inertia thus depends not on the

velocity but on the change of velocity, that is, upon the

gain in velocity when the body is put into motion, and

upon the loss of velocity when its motion is destroyed.

In Art. 30 it was shown that a constant gain in the

velocity of a free body occurs under the constant force

of gravity, and from Axiom 4 of Art. 2 it also follows

that any constant force acting on a free body produces

a constant acceleration. Art. 33 shows that a body

projected vertically upward suffers a constant loss in

velocity from the resistance of gravity, and Axiom 4

indicates that any force constantly acting to stop a moving

body produces a constant retardation. This conclusion

is verified by all experience, and it may hence be laid

down as a law of nature that constant forces acting upon

a free body produce accelerations proportional to their

magnitudes. "

Let W be the weight of any body at the place where the

acceleration of gravity is g. Let a force F act in any
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direction upon this free body, and / be the acceleration

which results. Then, from the above law,

FIW=llg or F=W.'ilg

This value of F is the constant force which is required

to cause the acceleration / in the body of weight W,
or the force required to overcome the resistance of inertia.

Hence inertia is proportional to the weight of the body

and to the acceleration or retardation which the body

undergoes, that is, to the gain or loss per second in its

velocity.

For example, take a body of loo pounds weight resting

upon a frictionless horizontal plane, and let it be required

to find what constant horizontal force will produce an

acceleration of 3 feet per second per second. The equa-

tion gives 7^=100X3/32.16 = 9.33 pounds. If this force

be applied to the body for 5 seconds, it will attain a

velocity of 5X3 = 15 feet per second. If it then be

required to stop the body in 2 seconds, the retardation

in its velocity must be 7J feet per second, and the con-

stant force needed to do this will be 7^=100X7^/32.16
= 23.32 pounds; this is equal to the resisting force of

inertia of the body.

When a bcJdy is projected vertically upward by the

action of a constant force P, this must overcome both

the weight of the body and the resistance of inertia;

hence the value of this constant force is

P=W^W.]lg or P=W{g^f)lg

In this equation W may represent the weight of a man
and P the upward pressure exerted upon him by the

floor of an elevator which moves upward with the acceler-
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ation /, and it is seen that P is always greater than W.
When the elevator moves downward, / becomes negative

and P is less than W. When the elevator moves with

uniform velocity, either upward or downward, / is zero

and P equals W.

-c^

Fig. 128 Fig. 129

The inertia formula may be used to compute the acceler-

ation / of bodies so connected that they must always move

with the same speed. For example, let the two weights

Wi and TF2 in the following figures be connected by a

flexible cord passing over a pulley, the weight Wi moving

down. In Fig. 128 the constant moving force F is Wi
and the weight W\ +W^ moves with the acceleration /,

if there is no friction and air resistance; accordingly,

f=g.F/W or }=g.Wi/(Wi+W2)

and / will be small when Wi is small and W2 large. For

Fig. 130 the weight Wi is made a httle heavier than W2,

so that the constant moving force is Wi~W2 and the

weight moved is W1 + W2', hence

W1-W2 _, Wi+W2
' ^Wi+W2

°^
^ 'W-1-W2

from which / may be found when g is given, or g be com-

puted when / has been observed. This is the principle

of Atwood's machine for determining g. In this apparatus

the cord and pulley are made very light and Wi is but

little heavier than W2, so that the motion is slow and the



144 Inertia and Rotation Chap, vii

time / required for Wi to fall a distance / can be accurately

observed. Then the value of / is found from 2l/t^, and

from this and the known weights the value of the accel-

eration g can be computed.

PROBLEMS

341. When a man stands in a rapidly moving car and it is

suddenly brought to rest, what happens to him? When a

man steps off a moving car, in which direction should he

face, and why?

342. A constant force of 80 pounds acting on a body for

one second causes its velocity to increase from 15 to 17 feet

per second. Compute the weight of the body.

343. Two bodies are acted upon by the same constant

force and the acceleration of one is observed to be three times

that of the other. Compare their weights.

344. A body moving with a velocity of 27 feet per second

is brought to rest in three seconds by an opposing constant

force of 100 pounds. Find the weight of the body.

345. A man stands upon a weighing-machine on the floor

of an elevator at rest and it indicates 163 pounds. How
much will it indicate when the elevator rises with uniformly

accelerated motion through the height of 39 feet in 3.4 seconds ?

346. How much will it indicate if the rope of the elevator

breaks and the elevator falls freely under gravity ?

347. For Fig. 129 deduce a formula giving the value of /

in terms of Wi, W2, and the angle of incUnation a.

348. For Fig. 129 let 1^1=40 pounds and a=i6°i5'.

Neglecting all resistances, find the value of W2 so that the

acceleration of the two weights may be 4.04 feet per second per

second.

349. For Fig. 128 show that the tension in the cord is

W2 j/g and that this may be written WiW2/(101 +102).

350. Two weights of 13 and 12 pounds are arranged as
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in Fig. 130. Find their common velocity at the end of three

seconds after starting from rest. If the cord then breaks,

how much higher will the smaller weight rise ?

Art. 36. Inertia and Energy

The constant force F required to overcome the inertia

of a body and cause it to have an acceleration / in the

direction of the force is F = W.f/g as shown in Art. 35.

If the body starts from rest, the velocity at the end of one

second is / and at the end of t seconds it is v = jt. Any

body moving with the velocity v may hence be regarded as

having acquired its velocity from some constant force F
which has acted for t seconds and then ceased, the acceler-

ation having been f=v/t. Inserting this value of / in the

inertia formula, it becomes

F= W. v/gt or Ft= W. v/g

from which F may be computed when v and t are given.

This constant force F applied to oppose the motion of

the body will also bring it to rest in the time t. For

example, take a railroad train, weighing 650 000 pounds,

which is moving with a speed of 60 miles per hour or

88 feet per second, and let it be required to find what

constantly acting force will bring it to rest in 30 seconds.

Here the computation gives i^= 59 300 pounds, and this

force may be applied by causing brakes to act upon the

wheels.

In all cases of uniformly accelerated motion, when the

body starts from rest and acquires the velocity v in the

time /, the distance I passed over is l= ^vt (Art. 29), or

the time t is 2I/V. Substituting this value of i in the

above equations, they become
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F=W. v'/2gl or Fl= W. v^l2g.

The first of these equations gives the constant force F
which must be exerted on a body in order that it may

acquire the velocity v after traveling the distance /. The

second gives the work Fl which this constant force per-

forms, and this is found to be equal to the kinetic energy

of the moving body (Art. 32) . The result of a constant

force in overcoming the inertia of a body through a cer-

tain distance and giving it a final velocity v is therefore

to store up kinetic energy in it. This has been already

shown in Art. 32 for the force of gravity, and it is now

seen to be true for any constant force.

A body having the kinetic energy Wv^. /2g can hence be

brought to rest by a constant opposing force F acting

through a certain distance /. For example, take a rail-

road train weighing 650 000 pounds and moving with a

velocity of 88 feet per second, and let it be required to

find the distance it will travel before coming to rest

when opposed by a constant force of 59 300 pounds.

The kinetic energy of the train is 650000X88V64.32
= 78 259 000 foot-pounds, and then ^= 78 259 000/59 3°°

= 1320 feet.

When a body is in uniform motion with the velocity u

and a constant force F acts upon it in any direction, pro-

ducing the acceleration / in that direction, the velocity V
acquired in that direction at the end of the time t is V= jt,

and hence it follows that the equations

F=W.V/gt or Ft=W.V/g

give the force F required to overcome the inertia. These

are the same as for the case of a body starting from rest,
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except that V is the velocity relative to the body. For

example, let a body weighing lo pounds be moving at the

rate of 75 feet per second, and let a constant force act

upon it for 3 seconds in a direction normal to that of u

and produce the velocity of 50 feet per second in that

direction; then this constant force i<' = 10X50/32.16X3 =

5.18 pounds. From Art. 34 the velocity v of the body

at the end of the given time is v={'j$^+<,o^)^ = go.i feet

per second.

When a body is moving with the velocity u, let a con-

stant force F act upon it in any direction through the

distance /, overcoming the resistance of inertia and

increasing the velocity to v. The initial kinetic energy

is W. u^/2g, the work performed by the constant force

*is Fl, and the final kinetic energy is W. v^/2g. Accord-

ingly if there be no work lost in friction or heat,

7/2 „.2 i-,2 ^,2

W—+Fl=W— or Fl=W~
2g 2g 2g

The last equation gives the work Fl required to increase

the velocity of the body from u to v, whether the direction

of it coincides with that of u or is inclined to it. It also

gives the work Fl required to decrease the velocity of

the body from v to u, but in this case the opposing force

must necessarily act in the reverse direction of u; thus

when a train runs around a curve there is a lateral pres-

sure upon it from the outer rail, but this does no work

because it acts through no distance in its direction; it

produces, however, a resisting friction F which acts in

the opposite direction to the motion, and this causes the

velocity of the train to diminish,

In all the above formulas involving inertia and kinetic
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energy, the letters W a.nd-g enter. W has been defined

to be the force with which gravity acts upon the body

as determined by a spring balance, and g has been defined

as the acceleration of the body in a vertical fall. Both

W and g are hence measures of the same force in different

ways, and accordingly their ratio W/g must be constant

at all places. This ratio depends only upon the quantity

of matter in the body, and it is generally called ' mass ' in

higher works on theoretical mechanics and is designated

by M. Accordingly the force of inertia may be written

F = Mf, and the kinetic energy of a moving body may
be expressed by K = \Mv^. These works also use a

unit for W different from that employed in this book, or

they determine M by balancing it on a lever against a

body of known mass. The system of units used in this

book is called the 'gravitation system,' and is the one

generally employed by civil, mechanical, and mining

engineers. The other system of units is of special value

in celestial mechanics where bodies have no weight in

the sense here employed.

PROBLEMS

351. The diameter of the bore of a gun is 10 inches and
the explosion of the powder exerts a pressure of 30 000 pounds
per square inch on the end of the projectile, which weighs

372 pounds. If the pressure of the powder is constant and
the projectile moves to the muzzle in one-hundredth of a

second, compute the velocity of the projectile.

352. A body weighing 12 pounds is moving with a velocity

of 100 feet per second when a constant force of 40 pounds
acts upon it in the direction of motion for 7 seconds. Find
the increase in velocity due to this force. Find the velocity

§t the end of 7 seconds,
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353- For the same data find the final velocity and its direc-

tion, if the force is normal to the direction of the initial

velocity.

354. A body weighing 12 pounds is moving vfith. a velocity

of 100 feet per second when a constant applied force of 40

pounds acts'upon it in the direction of the motion through a

distance of 22 feet. Compute the final velocity.

355. What change in the answer of the last problem will

be needed if the constant force acts at an angle of 30 degrees

with the initial velocity ?

356. Find the direction of the final velocity v for the case

of the two preceding problems.

357. An iron ball weighing 80 pounds falls vertically from

a height of 4 feet and drives a nail into a plank, and the time

of descent of the nail is one-sixth of a second. Compute the

pressure on the nail, assuming it to be constant.

358. An iron ball weighing 80 pounds falls vertically from

a height of 4 feet and drives a nail 1.5 inches into a plank.

If the pressure on the nail be constant, compute its value.

359. In Fig. 128 let Wi be 2 pounds, W2 be 8 pounds, and

the distance moved over by Wi and W2 in 4.5 seconds be 10.15

feet. Compute the coefficient of friction on the plane.

360. A bullet weighing { pound is fired into a wooden

ball weighing 28 pounds which is suspended by a string, caus-

ing it to swing and to rise in its swing through a vertical height

of 4.37s inches. Compute the velocity of the bullet.

Art. 37. Centrifugal Force

When a body revolves around a fixed axis with uniform

velocity, as in Fig. 131, the direction of its velocity is

always tangential to the circle in which it revolves, and

there is a tension in the arm or cord which connects it

with the axis. This tension acts both on the body and on

the. axis, and this i§ cg,lle4 'centripetal force ' when con-
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sidering its action on the body and ' centrifugal force

'

when speaking of its action on the axis. Its magnitude

depends upon the weight and velocity of the body and

upon the radius of the circle of revolution. If this force

is destroyed by the breaking of the cord, the body con-

tinues its uniform motion in a straight line which is tan-

gent to the circle at the point where the body was when

the rupture occurred. If the student is not acquainted

with the above facts by experience, let him try experi-

ments with a stone tied to a string.

Fig. 131 Fig. 132 Fig. 133

The tension or centrifugal force F in the cord may
be found from the inertia formula F = W. ]/g, where W
is the weight of the body, g the acceleration of it by

gravity in a vertical fall, and / the acceleration due to F,

for in compelling the direction of the velocity to change,

the force F must overcome the inertia of the body (Art. 35).

In order to find the value of /, let A and B in Fig. 133

represent two positions of the body, and a the angle in-

cluded between the corresponding positions of the cord.

The velocity at both A and B is v, and its direction is

tangential to the circle. At A let .4D and ^£ be drawn

to represent these velocities, AF being parallel to the

direction of the velocity at B\ then the angle DAF is

equal to a. The velocity of B relative to A is now repre-

sented by the line BF, and this will be called F; this

follows -from Art. 34, and may be further illustrated by
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Fig. 132, where Vi represents the velocity of a body at a

certain instant, V2 its velocity at a later instant, and V
the velocity relative to the body moving in the direction

Vi. Now the similar triangles ADE and CAB give

DE/AD =AB/AC, that is V=AB . v/r. If the angle a

is very small, the chord AB will be very nearly the length

of the arc, so that AB=vt, where t is the time in which

the body passes over that distance. Accordingly, V=vHjr
and the acceleration j=V/t=v''/r. Therefore

F==W.f/g /= v^r F=W. v^gr

and the last equation gives the value of the centrifugal

force of the revolving body.

The last formula shows that the centrifugal force of

a -body revolving about an axis varies directly as its weight

and the square of its velocity, and inversely as the radius

of the circle of revolution. Thus if the weight is doubled,

the centrifugal force is doubled ; if the velocity is doubled,

the centrifugal force is quadrupled; if the radius is

doubled, the centrifugal force is halved. These conclu-

sions have been verified by many experiments.

By help of the formula F= W.v^/gr, numerous prob-

lems relating to centifugal force may be solved. For

example, let a body weighing 2.4 pounds be attached

to a string that will break under a tension of 80 pounds,

and let it be required to find the velocity which the body

must have in a circle of 3. 11 feet radius in order that

the string shall break. The value of v^ is gr . F/W, or

7;= (32.16X3.1 1X80/2.4)* = 57.74 feet per second. Since

the circumference of the circle is 2X3.1416X3.11 = 19.54

feet, it follows that the number of revolutions to be made
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per second is 57.74/19.54 = 2.95, so that the number per

minute required to break the string is about 177.

In the above discussion the body is supposed to be

a particle at the distance r from the axis, but it will

now be shown that the radius to be taken for any actual

body is that of its center of gravity. Let n be the velocity

of a point at the distance unity from the axis, then the

velocity v at the distance r is v=nr. Let w be the weight

of a particle at the distance r from the axis, then the

centrifugal force of this particle is wv^/gr= (n^/g)wr.

Let D in Fig. 134 represent one particle of the body, C
the axis, CX and CY two direction lines at right angles to

Fig. 134 Fig. 135 Fig. 136

each other through C, a the angle which CD makes with

CX, and x and y the distances from D to CY and CX.
Then the components of the force {n^/g)'wr parallel to

CX and CY are (n^/g)wr cosa and (n^/g)wr sina; but

cosa=x/r and sma=y/r, whence these components are

(n^/g)wx and (n^/g}wy. The sums of the components

of all the forces acting on all the particles hence are

(n^/g)Iwx and n^/glwy. Now from the definition of

center of gravity in Art. 13 and from the method of find-

ing it in Art. 15, it follows that Iwx=Wxi and Iwy= Wyi,

where W is the total weight of the body and Xy and yi

are the distances of its center of gravity from OY and OX.

Jlence {n^/§)Wxi and {n^/§)Wyi ^lk the rectangular
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components of the total centrifugal force F, and from

Art. 36 its value is

J?=(»y^)w(xiH)'i')* or F=={nyg)Wr=W.vygr

in which r is the radius of the center of gravity of the

body and v is its velocity in the circle of revolution.

When the axis passes through the center of gravity of a

body, r and v are zero and there is no pull of the body

upon its axis.

PROBLEMS

361. What is the acceleration of a particle which moves

in a circle of 12 feet diameter with a velocity of 9 feet per

second ?

362. A particle revolves 2000 times per minute in a circle

having a radius of 3 inches. Compute its velocity.

363. A body revolves in a circle of 1.5 feet radius. What
velocity must it have in order that the pull upon the axis may
be double the weight of the body ?

364. The term 'angular velocity' is often used for the

velocity of a point at a distance unity from the axis. Com-

pute the angular velocity of a particle which revolves 1000 times

per minute in a circle of 1.5 inches radius.

365. A rod 6.5 feet long and weighing 15 pounds is revolved

about an axis at one end. Compute the pull on the axis when

the number of revolutions per second is 47.

366. If the connection of this rod to its axis should break,

in what direction will the center of gravity of the rod move,

and what kind of motion will the rod as a whole have ?

367. Fig. 135 shows a wheel vnth eight light spokes. The

rim of the wheel weighs 84 pounds, and its mean radius is

1.375 feet. Find the tension in each spoke when the wheel

revolves 150 times per minute on a vertical axis.

368. Fig. 136 ghows a square plate having an a^is half-way



154 Inertia and Rotation chap, vii

between one corner and the center. The plate weighs 13

pounds per square foot and the side of the square is 14^^ inches.

Compute the pull on the axis when the number of revolutions

per minute is 420.

369. A ball weighing 16 pounds is revolved in a vertical

plane in a circle of 3 feet radius, the number of revolutions per

minute being 105. Find the tension in the cord for each

of its vertical positions.

370. A horizontal plane is made to revolve about a vertical

axis with such speed that a point one foot from the axis has a

velocity of 3.5 feet per second. How far from the axis must

a body be placed on this plane, so that it may be just on the

point of shding outward, the coefficient of friction between

the body and the plane being 0.65 ?

Art. 38. Revolving Bodies

A wheel like Fig. 135 can only be put in motion around

its axis by applied forces which overcome its inertia,

and when in motion it can only be stopped by opposing

forces. In other words work must be performed upon

a wheel in order to cause it to revolve; when in motion

it has stored within it an amount of kinetic energy equiva-

lent to that work; when stopped, this energy performs

work against the opposing resistances. A revolving

fly-wheel may hence be regarded as a machine in which

energy is stored.

Let w be the weight of any particle in a revolving

body, z its distance from the center of the axis, and v

its velocity. Its kinetic energy then is w . v'^/2g, and the

total kinetic energy in the wheel is I'wv^/2g, in which

the summation is to include all the particles of the body.

Now let W be the total weight of the body, R the radius
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of a circle upon the circumference of which this weight

would have to be concentrated in order that its kinetic

energy should be equal to I'wv^/2g, and Vji the velocity

of the end of this radius. The kinetic energy of the

weight W moving with the velocity Vr is W.V^/2g.

The value of R is found by equating these energies and

noting that the velocities vary directly as their distances

from the axis; thus

W.Yy2g=Iwv''l2g Yr=v . R/z R^= (i/W)Iwz^

The value of R determined from the last equation is

called the 'radius of gyration' of the revolving body;

it is the radius of a circumference where the entire weight

of the body might be put and have the same kinetic

energy as the actual distributed mass when the body

revolves around an axis. This circumference may be

called the 'gyration circle.'

The values of the radii of gyration for regular solids

are not easily determined without the help of a branch

of mathematics called calculus, and hence the following

are stated without demonstration, the axis in all cases

passing through the center of the solid and coinciding

with its geometric axis:

Cylinder with radius r, R^=ir^

Hollow cylinder with radii r-^ and ^ji R^^ii'i'i'+r^^)

Sphere with radius r, R'=^r'

Rectangular prism with sides b and d, R^= -^(V^ +d^)

By the help of these values of R^ the kinetic energy K,

stored in one of these bodies when revolving about its

axis, may be found by

K= W. Vy2g and Vr=2kR . N
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where N is the number of revolutions per second, n is

3.1416, Vr is the velocity of the gyration circle whose

radius is R, and W is the weight of the body measured

by a spring balance at the place where the acceleration

of gravity is g.

For example, take a wheel or millstone of 3.2 feet

diameter and of uniform thickness which weighs 800

pounds, and let it be required to find the kinetic energy

stored in it when making 750 revolutions per minute.

Here the radius of gyration i? = o.707Xi.6= i.i3i feet,

and 7^^= 2X3.1416X1. 131X750/60 = 88.83 feet per sec-

ond. Then i<C = 800X88.832/64.32 = 98 140 foot-pounds,

which is the kinetic energy stored in the wheel. This

energy might be utihzed in lifting a weight attached to a

rope which winds around the shaft of the wheel, and

the height to which a weight of 400 pounds could be

raised would be 98140/400= 245.3 feet. If this work

is done in 30 seconds, the wheel will deliver during this

time 98140/30X550 = 5.95 horse-powers.

A constant force P applied to a crank on a wheel at

a distance ri from the axis of revolution will cause a

uniformly accelerated motion of the wheel and store in

it the above kinetic energy K, if no work be expended in

overcoming resistances other than that of inertia. Let Ni
be the number of revolutions performed under this con-

stant force; then the work imparted to the wheel is

PX2nriNi, and this equals the stored kinetic energy iT.

When the wheel is stopped by a constant force P acting

at the distance ri from the axis, the kinetic energy K does

work against this resistance, and also PX2nriNi=K.
For instance, let the radius of the shaft in the last para-

graph be 0.12 feet, then the number of revolutions per-
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formed while the wheel is coming to rest is iVi =

98 140/(400X6.283X0.12) =338 nearly.

PROBLEMS

371. The circumference of a wheel of 5 feet diameter has a

velocity of 350 feet per second. What is the velocity of a

point distant 2.4 feet from the axis?

372. A hollow cylinder has an outer diameter of 8 feet

and an inner diameter of 7 feet. Find the radius of gyration

with respect to its axis.

373. A plate 6 inches square revolves about an axis normal

to it and passing through its center. Compute the radius of

gyration, and find the velocity of the end of that radius when
the number of revolutions per second is 75.

374. If this plate weighs 120 pounds, find the kinetic energy

stored in it and the horse-power which it can develop when

stopped in 11 seconds.

375. Whirl a bucket of water rapidly around its vertical

axis and explain the phenomena which are observed.

376. Why are fly-wheels placed upon the revolving shafts of

steam-engines, and why are none used on the shafts of elec-

tric motors?

377. When a body is caused to revolve by a constant force

P at the end of a crank, show that Pr^=WR'.

378. A grindstone weighing 150 pounds per cubic foot has

a thickness of 6 inches and a diameter of 3 feet. How much
energy is stored in it when it makes 300 revolutions per minute ?

379. If a constant force of 18 pounds be applied to the crank

of this grindstone at 8 inches from the axis, how many revolu-

tions must be performed in order to store that kinetic energy

in it?

380. A ball weighing 2 pounds is attached to a string and
whirled around 6.5 times per second in a vertical circle of

4.7 feet radius. If the string breaks when it is horizontal, in
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what direction does the ball move and what is its kinetic

energy in foot-pounds?

Art. 39. Rolling Bodies

When a wheel or cylinder is rolling on a plane with

an absolute velocity v parallel to the plane, as in Fig. 137,

each point on its circumference must have the velocity v

relative to the axis, for if r be the radius of that circum-

ference, one revolution occurs when the axis has moved
the distance 2nr, and each velocity is equal to this dis-

tance divided by the same time. The relative velocity of

the circumference of gyration whose radius is R is less

than V and is given by Vr=v .R/r. Upon this circum-

ference the entire weight of the body may be concen-

trated and have the same kinetic energy with respect to

the axis as the actual distributed weight (Art. 38).

gV » Dfy^/n

Fig. 137 Fig. 138 Fig. 139

The total kinetic energy stored in a body which has

motions of both translation and rotation may be ascer-

tained by finding the sum of the kinetic energies due to

these motions, and it now will be proved that

K=W.{v''+Vl)/2g

is its value. To do this, consider that in one revolution

of the wheel the absolute velocity of a point which has

the relative velocity Vr constantly varies, it being v-\-Vr

when the point is vertically above the axis and v— Vr
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when it is vertically be.ow the axis. The mean of the

kinetic energies in these two positions is proportional

to one-half of {v+Vr)^ + {v-Vr)^, that is to v'^+V^.

The same result follows for any two points upon this

circumference at opposite ends of a diameter, for the

relative velocity at one end is inclined forward and that

at the other end has the same inclination backward.

Hence the total kinetic energy of a rolling body is the

sum of the kinetic energies of translation and rotation.

When a body rolls on a horizontal plane by virtue of

its fall from a height h, as in Fig. 138, the potential

energy Wh is equal to the above kinetic energy K if

no work has been expended in overcoming friction or

air resistance. Accordingly, noting the relation between

Vr and V, there results

h={v^+V%)/2g or v^=2gh:/(i+Ryr')

which shows that the velocity of translation of a rolling

body due to a vertical fall under gravity is less than that

where translation only occurs, which was the case dis-

cussed in the last chapter. For example, consider a

solid rolling wheel or cylinder for which R^ is ^r^; then

v=(§gh)i=o.8i^{2gh)^, so that the velocity of trans-

lation is 8iJ percent of that which would occur if there

were no rotation around the moving axis. For the

sphere R^ is |r^, and hence v=(ygh)^= o.84$(2gh)^,

so that the velocity of the center of the sphere is 84J
percent of that which would occur if no rotation existed.

The height h is here, as always, the vertical distance

through which the center of gravity of the body falls.

The time required for a body to roll down an inchned

plane is greater than that determined for sliding in Art.



160 Inertia and Rotation Chap. Vll

31. Let I be the length of the plane in Fig. 139, b its

angle of inclination, h its height, and v the velocity of

translation at the foot of the plane. The body starting

from rest and having uniformly accelerated motion, the

distance I equals ^vt (Art. 29), or t= 2l/v. Now the

above equation gives v in terms of h, and replacing h

by I sinb, there is found

t= (2l{i -\-Ryr'')/g sinJ)i

as the time of fall for a rolHng body, whereas for a sliding

body the time is {zl/g sin&)*.

Owing to friction and air resistance, the actual velocity

of a body rolling down a plane is less and the time of its

descent is greater than the above formulas give. Also

when a sphere rolls down a curve AB and then advances

upon a horizontal plane BC, as in Fig. 138, its velocity

is less than above given, so that it cannot rise on the

curve CE to the same level from which it started. If

h' be the difference in elevation of the two positions A and

E, the quantity Wh' is the work expended in overcoming

the friction and air resistance, E being the highest por-

tion to which the ball can rise.

Rolling friction is always less than sUding friction

because the rolling motion lifts the projections of the

surface of the ball out of the depressions in the surface

of the plane, whereas in sliding these projections must

be broken off. Sliding friction is about five or six times

as great as rolling friction, as may be seen by comparing

the coefficients of sliding friction in Art. 19 with those

of traction or rolling friction in Art. 22. For this reason

vehicles with wheels are preferred for travel on all sur-

faces except snow.
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PROBLEMS

381. Let the velocity for Fig. 137 be 9.5 feet per second

and the radius of the wheel be 3.2 feet. Compute the absolute

velocity of a point 1.6 feet above the axis, and also of a point

1.6 feet below the axis.

382. For the same data compute the absolute velocities of

these points after the line joining them has become horizontal.

383. A sphere rolls on a horizontal plane with uniform

velocity and travels through a distance of 37.6 feet in 1.5

seconds. To what height can this sphere lift itself on an in-

clined plane ?

384. Show that the time required for a sphere to roll down

an inclined plane is about 18 percent greater than the time

for a sliding body.

385. Compute the time required for a circular hoop to

roU down an inclined plane, the length of the plane being

65 feet and its height 25 feet, if there is no friction.

386. Solve the same problem, taking the coefficient of rolling

friction as 0.06. (See Art. 31.)

387. A circular hoop rolling on a plane has a kinetic energy

of 80 foot-pounds. What part of this is due to translation

and what part to rotation ?

388. A hoUow cylinder with radii of 4 and 1.5 feet rolls

on a plane and has a kinetic energy of 800 foot-pounds. What
part of this is due to translation and what part to rotation?

389. A hollow sphere of gold has the same weight and the

same outer diameter as a hollow sphere of silver, and the

surfaces are painted so that it is impossible to see the metals.

How can it be ascertained which sphere is the gold one, by

rolling both spheres down an inclined plane?

390. A rolling sphere weighing 18 pounds has a velocity of

30 feet per second at the foot of an inclined plane, and it

rises on that plane to a vertical height of 16 feet. Compute

the work lost in friction.



162 Inertia and Rotation Chap, vii

Art. 40. Pendulums

A simple pendulum consists of a small body attached

to a light rod or cord which is fastened to a support,

so that oscillations may occur in a vertical plane when

the bob is drawn to one side of the vertical Une and

then released. These oscillations are observed to occur

in nearly the same time whether the angle of swing be

large or small. Let a be the angle included between

the vertical line and the extreme position AB m Fig. 140,

and / the radius AB ox AC. Then it is shown in advanced

works on mechanics that the time qf oscillation from

the position AB to the position AD is

t= (i +i sin^ Ja+^9jsin^ ¥+^\\ sin« ia+ . . . )WT/^

provided the rod or cord has no weight and the bob be

a mere particle at the end of the radius r. For a= 5°

this formula becomes /=i.ooo48;r(//^)*, and hence for

this and smaller angles the time of oscillation is given

with sufi&cient precision by regarding the quantity in

the parenthesis as unity, or

t=WTlg and l=gt'^/n'^

are the usual formulas for the simple pendulum. These

show that the times of oscillation are proportional to the

square roots of the lengths. The mean length of a

pendulum which oscillates in one second in the United

States of America is ^=^77:2=32. 16/(3. 1416)^ = 3.259

feet or about 39.1 inches; hence the length of a pen-

dulum which oscillates in half a second is 9.78 inches,

and the length of one which oscillates in two seconds is

about 13.0 feet.
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To apply the above formula to the case of the actual

pendulum, the size of the bob and rod must be taken

into account as follows. Let r be the distance from the

axis of suspension to the center of gravity of the bob

and rod, and let R be the radius of gyration of bob and

rod with respect to that center of gravity. Then the

above formula for the mathematical simple pendulum

appUes to the actual pendulum if / be replaced by r+R^/r.

For example, take the simple case of a rectangular plate

of uniform thickness and material, as shown in Fig. 141,

which oscillates about an axis near its upper end. Let

the width of the plate be 3 inches, its length 18 inches,

and the distance from the axis of suspension to the center

of gravity be 8 inches. From the last article the value

of R^ is tV(3^+ i82) = 27.75, and hence I = 8+ 3.469

= 11.3469 inches = 0.9456 feet; then from the above

formula the time of one oscillation of the plate is

^=0.54 seconds.

D

Fig. 140 Fig. 141

Ow

Fig. 142 Fig. 143

By determining the tiines of oscillation of the same

pendulum in different parts of the earth, the relative

values of the acceleration g in different latitudes have

been ascertained. Thus, let h be the time of oscillation

of a pendulum at the equator, ^2 its time at New York,

and gx and g2 the corresponding values of the acceleration;

then from the above formula gih"^ equals g2h'^, whence

g2=§iih/h)^' The value §1 for the equator is found by
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accurately determining the length h by the method of

the last paragraph for a pendulum which oscillates there

in one second and then ^1=7:^/1. In this manner the

values of g stated in Art. 30 were ascertained.

Pendulums were used by Newton for determining the

facts and laws of impact in the manner indicated in

Fig. 142, where a weight W is struck by another weight w.

By virtue of its fall the body w acquires a horizontal

velocity v, and if it moves away with W, the weight w +W
has the velocity vi. Newton showed by his experiments

that in this case wv always equals (ui+ W)vi. This law

is the foundation of the theory of the subject of impact,

which can here be illustrated only for the following case.

On this principle the balhstic pendulum shown in

Fig. 143 is constructed, this being an apparatus for

determining the velocity of a bullet just before it strikes

the wooden block, of the pendulum. The bullet pene-

trates the wooden block, and the impact causes the pen-

dulum to swing out of the vertical, while the angle of

swing is observed on a graduated arc. Let w and W
be the weights of the ball and pendulum, ri the distance

from the axis to the line of direction of the horizontally

moving bullet, r the distance from the axis to the center

of gravity of the pendulum and imbedded bullet, t the

time of one oscillation of the pendulum after the bullet

is in it, and a the extreme angle of deviation from the

vertical. Then works on higher mechanics prove that

w+W r let . ,v= . — .
-2-

. sm*a
w rx n

gives the velocity of the bullet. This expression is a

very accurate one, since it is true whether energy be
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expended in heat or not, and since t can be very precisely

determined by counting the number of oscillations which

occur during several minutes.

This article and the preceding one give some things

which the student is asked to accept without demonstra-

tion on account of the limited space available for this

volume. The field of mechanics is a vast one, and this

book presents merely the fundamental elements. The
student who solves the four hundred problems here given

will, however, have constructed a broad and strong

foundation for his future studies in theoretical and

applied mechanics.

PROBLEMS

391. A clock pendulum swings from one side of the vertical

to the other 160^ times in exactly two minutes. Find the

time of one oscillation, and the length of the corresponding

simple pendulum.

392. Compute the time of oscillation of the simple pendu-

lum when the angle of swing on one side of the vertical is

15 degrees.

393. What is the length of a simple pendulum which makes

113 oscillations in 355 seconds?

394. While a man is running half a mile, a stone attached

to a string 72 inches long makes 129 oscillations in a vertical

plane. What is his record ?

395. A circular plate of uniform thickness and 18 inches

diameter has a small hole through it at a distance of 6 inches

from the center. Find the time of oscillation when it swings

on a horizontal axis through the hole.

396. The value of g for sea-level at the poles of the earth

is 9.8322 meters per second per second, and its value for an

elevation of 4000 njetefs at the equator is 9.7683 meters per
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second per second. The length of the seconds pendulum

at the first place being 0.9962 meters, what is its length at

the second place?

397. A delicate spring balance shows the weight of a body

at the equator, on a mountain 4000 meters high, to be 37.45

grams. What will be its weight at sea-level at the north pole ?

398. The radius of the earth's equator is 6378 kilometers.

What must be the time of the earth's revolution on its axis

in order that the centrifugal force at the equator may overcome

the force of gravity ?

399. A ballistic pendulum weighing 3000 pounds is used

to determine the velocity of a baU weighing 0.35 pounds, the

ball passing into a clay pocket whose center is at the same
distance from the axis as the center of gravity of the pendulum.

The angle of swing is seen to be 15° 30', and it is then noted that

the number of oscillations made in one minute is 3 9J. Com-
pute the velocity of the ball.

400. A rifle weighing 2 1 pounds is suspended in a horizontal

position by a cord at its center of gravity. A bullet weighing

2.1 ounces is then fired, and this causes the rifle to move back-

ward. If the velocity of the bullet is 250 feet per second,

what is the initial backward velocity of the rifle? What
constant force, acting for one second after the explosion, wiU

bring the rifle to rest ?
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APPENDIX

Answers to Problems

The following are answers to some of the problems

given in the preceding pages, the number of the prob-

lem being in parenthesis. The student should not

consult the answer to a problem until he has finished

its solution, for a knowledge of the answer renders him

liable to work only for the purpose of obtaining that

numerical result. The first thing to be done in solving

a problem is to thoroughly understand it, and for that

purpose a diagram representing the data should always

be drawn. Then a mental estimate of the answer, based

on experience, should be made and be recorded. The

solution then proceeds, after the manner of those given

in the text, and on its completion the numerical work

should be checked or the results be verified by an inde-

pendent process. Lead pencils and scraps of paper

should never be used, but the solutions should be made

in ink in a special book devoted to that purpose.

(4) 87.5 pounds; 69.5 pounds. (5) 10.4 pounds. (7) 43

pounds. (8) 9.97 pounds. (11) 180 degrees. (14) 85.7

pounds; 51.5 pounds. (17) 280 pounds. (19) 23.33 pounds.

(21) +25 pounds. (23) —100 kilograms for vertical. (28)

100 pounds; 110° 18'. (30) 65° 46'. (32) 14. i pounds. (33)

+63.0 pounds. (38) 1000 pounds. (44) ^F sec^a. (45)

F=24.7 and ^=48. 7 kilograms. (49) 5i= sogoo and

53=56600 pounds, (51) &=53°- (60) 60° is' -and 47° 3°';
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77.4 and 91.1 pounds. (62) 30 grams. (67) i to 3. (69)

+54 kilograms. (76) 10 and 50 pounds. (77) 127 and 73

pounds. (82) —60 pounds at 7.33 feet from left end. (86) fP.

(92) Clockwise. (97) Yes. (102) 115.5 pounds. (103) 72.7

pounds. (104) 28.92 inches. (118) i?= 8400 pounds. (122)

9.33 feet from second sphere. (127) |^|ths of the length from

the left end. (130) 2892 miles. (131) 2.73 feet from the

left end. (137) 1.36 feet from the load. (138) 5 pounds.

(145) 2.20 inches to right of AB and 2.20 inches above AF.

(146) 0.34 inches from center. (150) i to 10. (152) 10

pounds. (153) 11.55 pounds. (161) 11^ inches. (163)

12.96 feet or more. (164) 109.2 pounds. (169) 5.70 feet

from A. (173) i?=25.6 pounds at 1.59 inches from center of

base. (175) 19° 51'- (178)^^=1.44 kilograms. (182)

^=0.383. (184) 11° 16'. (189) 16.18 pounds. (190) 28.62

pounds. (192) 9. 1 1 pounds. (194) 2400 pounds. (195)

79° 26'. (202) 65.77 horse-powers. (203) 3000 foot-pounds.

(207) 4 feet. (208) III metric horse-powers. (211) 5.87

horse-powers. (214) 3125 pounds. (219) 54 125 foot-pounds.

(220) 816 horse-powers. (221) 25, 66|, 150, 400 pounds.

(224) 73.33 pounds. (230) 1.8 horse-powers. (234) 16

inches. (235) 10.16 inches. (239) 9.83 pounds. (240)27.92

pounds. (243) 58.3 pounds. (248) 25.0 horse-powers. (249)
0° 17'. (252) 19.9 pounds. (253) 32.4 pounds. (255) 7.64

pounds. (261) 14 pounds. (263) P=-hW. (265) 10

pounds. (277) 24.2 percent. (278) 704.8 foot-pounds. (280)

1. 1 2 horse-powers. (283) 33.3 feet per second per second.

(287) 1.56 feet. (289) 5.69 seconds. (291) 4.66 seconds.

(293) 0.72 and 0.144 seconds. (297) 748 feet. (301) 2.28

seconds. (305) 40.7 feet per second. (306) 8° 45'. (313)339
horse-powers. (317) 941.4 feet. (319) 9.41 pounds. (320)

7160 foot-pounds. (323) 235.4 feet. (326) 1680 feet per

second. (330) About 46 miles per hour. (333) 26.63 miles

per hour; 10° 43' to right of northeast. (336) 4.69 seconds.

(337) 4.24 miles per hour from northwest. (340) 9.20 miles

per hour. (342) 1286 pounds. (345) 197-2 pounds. (350)
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3.86 feet per second; 0.231 feet. (351) 2037 feet per second.

(352) 750-4 and 850.4 feet per second. (353) 7.57 feet per

second at angle of 82° 25' with initial velocity. (358) 2560

pounds. (363) 9.81 feet per second. (365) 132,200 pounds.

(369) 164.5 pounds. (37°) 1. 71 feet. (372) 3.76 feet. (374)

17 300 foot-pounds; 25.1 horse-powers. (378) 9160 foot-

pounds. (383) 6.98 feet. (385) 4.58 seconds. (386) 4.96

seconds. (388) 509.5 and 290.5 foot-pounds. (393) 32.16

feet. (394) 2 minutes 55 seconds. (395) 0.57 seconds. (398)

Seventeen times as fast as at present.
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Trigonometric Functions

SINES
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INDEX

Absolute velocity, 137
Accelerated motion, 115, 146
Acceleration, 115, 141, 143, 163
Answers to problems, 167
Applied forces, 72

mechanics, 7, 165
Axioms, II, 30, 136
Axis, 29, 33, 38, S3, 154

Balances, 99, 148
BaUistic pendulum, 164

Center line, 38
Center of gravity, 51-71

of mass, 53
Centrifugal force, 149
Centripetal force, 149
Centroid, 53
Coefi&cient of friction, 77, 78

of traction, 90
Components of forces, 8, 14
Composition of forces, 19

of velocities, 136
Concurrent forces, 7-28, 33, 42
Conditions of equilibrium, 21, 34,

44,49
Couples, 40, 73

Definitions, 7, 29, 51, 72, iij

Differential pulley, no

Effect of forces, 7, 11, 13, in
Efficiency of a machine, in
Energy, 127
Equilibrium, 9, 21, 33, 40, 44, 49,

99, 103, 106

Experience, 11, 12, 119, 141
Experiments, 11, 30, 51, 59, 100,

ISO

Falling bodies, 115-140
Force, 7, 8, 72, 148
Force, centrifugal, 149

Force of friction, 73, 76
gravity, 119
inertia, 141, 148
traction, 90

Forces in space, 48
Friction, 72, 73, 75, 88, 90, 160
Friction of air, 121

on inclined plane, 102, 124
Fulcrum, 94

Gravitation units, 148
Gravity, acceleration of, 120, 163

force of, 8, 51, 84
work of, 84, 129

Helix, 105
Horizontal components, 15, 18

forces, 14
Horse-power, 86, 91

Impact, 164
Inclined plane, 81, go, loi, 105,

112, 123
Inertia, 72, 164

Kinetic energy, 128, 146, 158

Laws of friction, 75
of mechanics, 11, 30, 136

Lever arms, 31, 94
Levers, 94, 98, 112

Lines, centers of gravity of, 54

Machines, 94—114
Mass, 148
Mechanics, defined, 7
Moment of a couple, 40

of a force, 31
Moments, principle of, 33, 37
Motion, 8, 115
Motion, of projectiles, 131

rotary, 29, 154
under gravity, 1 15—140
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Neutral equilibrium, 63
Non-concurrent forces, 43
Normal pressure, 76

ObUque fall, 123

Parallel forces, 29-50
Parallelogram of forces, 24

of velocities, 138
Pendulums, 162

Pitch of a screw, 105
Potential energy, 126
Power, 86
Pressure, 7, 72
Projectiles, 131
Pulleys, 108, 113

Radius of gyration, 155
Reaction, 12, 72
Relative velocity, 138
Resisting forces, 72-84, go
Resolution of forces, 26
Resultant of forces, 17, 36
Revolving bodies, 154
Roberval's balance, 100
Rolling bodies, 158
Rotation, 29, 31, 40, 67, 141-166

Scales, weighing, 98, 99
Screws, 105

Sliding friction, 75, 78, 80, 89, 160

Stable eqiulibrium, 63
Stability against rotation, 67

against sliding, 80
Symmetry, axis of, 53

Tension, 7, 72
Traction, 72, 90
Translation, 29
Trigonometric functions, 170

Uniform motion, 115
Unit of force, 8

of time, 1x6
of work, 85

Units, gravitation system, 148
Unstable equilibrium, 63

Velocities, composition of, 136
Velocity, rrs, X38
Vertical fall, 119

forces, 14, IS, 18

Wagon shafts, 93
Wedge, 103
Weighing scales, 98, 99
Weight, 8, 84, IIS, "9
Wind pressure, 60
Work, 84-93, 112
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Sharpe's Art of Subsisting Armies in War iSmo, morocco, i 50
* Wallce's Lectures on Explosives 8vo, 4 00

* Wheeler's Siege Operations and Military Mining 8vo, 2 00

Winthrop's Abridgment of Military Law i2mo, 2 50

Woodhull's Notes on Military Hygiene i6mo, i 50

Young's Simple Elements of Navigation i6mo morocco

»

1 00

Second Edition, Enlarged and Revised i6mo, moroccoi 2 00

ASSAYING.
Fletcher's Practical Instructions in Quantitative Assaying with the Blowpipe.

I amo, morocco, i 50

Furman's Manual of Practical Assaying Svo, 3 00

Lodge's Notes on Assaying and Metallurgical Laboratory Experiments. , . .8vo, 3 00

Miller's Manual of Assaying i2mo, i 00

O'Driscoll's Notes on the Treatment of Gold Ores Svo, 2 00

Ricketts and Miller's Notes on Assaying Svo, 3 00

Dike's Modem Electrolytic Copper Refining Svo, 3 00

Wilson's Cyanide Processes i2mo, i 50

Chlorination Process Z2mo, 1 50

ASTROHOMY.
Comstock's Field Astronomy for Engineers Svo, 2 50

Craig's Azimuth 4to, 3 so

Doolittle's Treatise on Practical Astronomy Svo. 4 00

Gore's Elements of Geodesy Svo, 2 50
Hayford's Text-book of Geodetic Astronomy Svo, 3 00

Mexriman's Elements of Precise Surveying and Geodesy Svo, 2 50
* Michie and Harlow's Practical Astronomy Svo, 3 00
* White's Elements of Theoretical and Descriptive Astronomy zamo, 2 00

BOTAHY.
Davenport's Statistical Methods, with Special Reference to Biological Variation.

i6mo, morocco, i 25
Thom^ and Bennett's Structural and Physiological Botany. i6ino, 2 25
Westermaier's Compendium of General Botany. (Schneider.) Svo, 2 00

CHEMISTRY.
ftdriance's Laboratory Calculations and Specific Gravity Tables lamo, i 25
Allen's Tables for Iron Analysis Svo, 3 00

Arnold's Compendium of Chemistry. (MandeL) Small Svo, 3 50

Austen's Notes for Chemical Students lamo, i 50
* Austen and Langworthy. The Occurrence of Aluminium in Vegetable

Products, Animal Products, and Natural Waters Svo. 2 00

Bemadou's Smokeless Powder.—Nitia-cellulose, and Theory of the Cellulose
Molecule lamo, 2 so

Bolton's Quantitative Analysis Svo, i 50
* Browning's Introduction to the Rarer Elements 8to, i so

Brush and Penfield's Manual of Determinative Mineralogy Svo. 4 00

Classen's Quantitative Chemical Analysis by Electrolysis. (Boltwood.) . . . .Svo, 3 00

Cohn'a Indicators and Test-papers ijmo, 2 00

Tests and Reagents Svo. 3 00

Craft's Short Course in Qualitative Chemical Analysis. (SchaeSer,)....tamo, i 50

Dolezalek'a Theory of the Lead Accumulator (Storage Battery). (Von
Ende) tamo, 2 so

Drechsel's Chemical Reactions. (Merrill) lamo, i as

Duhem's Thermodynamics and Chemistry. (Burgess.) Svo, 4 00

Eissler's Modem High Explosives Svo, 4 00

ESront's Enzymes and their Applications. (Prescott.) .Svo, 3 oo
S



Erdmann's Introduction to Chemical Preparations. (SunUp.) I3ma, i iS

Fletcher's Practical Instructions in Quantitative Assaying with the Blowpipe
zamo* morocco, i so

Fowler's Sewage Worlis Analyses i2mo, 2 00

Fresenius's Manual of Qualitative Chemical Analysis. (Wells.) 8vo, 5 00

Manualof Qualitative Chemical Analysis. Parti. Descriptive. (Wells.) 8vo, 3 00

System of Instruction in Quantitative Chemical Analysis. (Cohn.)
2 Tola 8vo, 12 50

Fuertes's Water and Public Health i2mo, i 5a

Furman's Manual of Practical Assaying Svo, 3 00
Oetmon's Exercises in Physical Chemistry. i2mo.

Gill's Gas and Fuel Analysis for Engineers i2mo, i 25

Orotenfelt's Principles of Modem Dairy Practice. (WoU.) i2mo. 2 00

Hammarsten's Text-book of Physiological Chemistry. (MandeL) 8vo, 400
Helm's Principles of Mathematical Chemistry. (Morgan.) X2moB i 50
Hering's Ready Reference Tables ((inversion Factors) i6mo, morocco, 2 50
Hinds's Inorganic Chemistry 8vo. 3 00
• Laboratory Manual for Students i2mo, 75
Holleman's Text-book of Inorganic Chemistry. (Cooper.) Svo, 2 50

Text-book of Organic Chemistry. (Walker and Mott.) Svo* 2 50
** Laboratory Manual of Organic Chemistry. (Walker.) i2mo, i oa
Hopkins's Oil-chemists' Handbook 8vo, 3 oo
Jackson's Directions for Laboratory Work in Physiological Chemistry. .Svo, i 25
Keep's Cast Iron 8vo, 2 50
Ladd'» Manual of Quantitative Chemical Analysis i2mo, x 00
Landauer's Spectrum Analysis. (Tingle.) Svo, 3 00
Lassar-Cohn's Practical Urinary Analysis. (Lorenz.) i2mo, i oo

Application of Some General Reactions to Investigations in Organic
Chemistry. (Tingle.) i2mo, i oo

Leach's The Inspection and Analysis of Food with Special Reference to State
Control. Svo, 7 50

LHb'sElectrolysisandElectrosynthesisof Organic Compounds. (Lorenz.) i2mo, i oa
Lodge's Notes on Assaying and Metallurgical Laboratory Experiments. . . .Svo, 3 00
Lunge's Techno-chemical Analysis. (Cohn.) i2mo, i 00
Mandel's Handbook for Bio-chemical Laboratory i2mo, i so
• Martin's Laboratory Guide to Qualitative Analysis with the Blowpipe . . i2mo, 60
Mason's Water-supply. (Considered Principally from a Sanitary Standpoint)

3d Edition, Rewritten 8vo, 4 00
Examination of Water. (Chemical and BacteriologicaL) i2mo, i 25

Matthews's The Textile Fibres 8vo, 3 so
Meyer's Determination of Radicles in Carbon Compounds. (Tingle.). i2mo i 00
Miller's Manual of Assaying i2mo, i 00
Mixter*s Elementary Text-book of Chemistry i2mo. i 50
Morgan's Outline of Theory of Solution and its Results i2mo, i 00

Elements of Physical Chemistry i2mo 2 00
Horse's Calculations used in Cane-sugar Factories i6mo, morocco, i 50
Mulliken's General Method for the Identification of Pure Organic Compounds!

Vol- 1 Large Svo, s 00
O'Brine's Laboratory Guide in Chemical Analysis Svo, 2 00
O'DriscoU's Notes on the Treatment of Gold Ores gvo 2 00
Ostwald's Conversations on Chemistry. Part One. (Ramsey.) (/n press.)

'

• Penfield's Notes on Determinative Mineralogy and Record of Mineral Tests.

Svo, paper, 50
Plctet's The Alkaloids and their Chemical Constitution. (Biddle.) Svo, 5 00
Pinner's Introduction to Organic Chemistry. (Austen.) i2mo, i 50
Poole's Calorific Power of Fuels gy^
Prescott and Winslow's Elements of Water Bacteriology, with Special Refer"

ence to Sanitary Water Analysis ; lamo i jc



• Reisig's Guide to Piece-dyeing 8vo, 25 00
Richards andWoodman's Air.Water, and Food from a Sanitary Standpoint . 8vo, 2 00
Richards's Cost of Living as Modified by Sanitary Science i2mo. i 00

Cost of Food a Study in Dietaries i2mo, i 00
• Richards and Williams's The Dietary Computer Svo, i so
Ricketts and Russell's Skeleton Notes upon Inorganic Chemistrr. (Part I.

—

Non-metallic Elements.) Svo, morocco* 75
Ricketts and Miller's Notes on Assaying Svo, 3 00

Rideal's Sewage and the Bacterial Purification of Sewage Svo, 3 50

Disinfection and the Preservation of Food Svo, 4 00

Riggs's Elementary Manual for the Chemical Laboratory Svo, i 25
Rostoski's.Serum t>iagnosis. (Bolduan.) i2mo, i 00

Ruddiman's Incompatibilities in Prescriptions Svo, 2 00

Sabin's Industrial and Artistic Technology of f^aints and Varnish Svo, 3 00

Salkowsld's Physiological and Pathological Chemistry. (Omdorfi.). . . .Svo, 2 so
Schimpfs Text-book of Volumetric Analysis X2mo, 2 50

Essentials of Volumetric Analysis z2mo, i 25

Spencer's Handbook for Chemists of Beet-sugar Houses x6mo, morocco, 3 00

Handbook for Sugar Manufacturers and their Chemists. . z6mo, morocco, 2 00

Stockbridge's Rocks and Soils Svo, 2 50
• Tillman's Elementary Lessons in Heat Svo, i 50
• Descriptive General Chemistry Svo, 3 00

Treadwell's Qualitative Analysis. (Hall.) j. Svo, 3 00

Quantitative Analysis. (Hall.). Svo, 4 00

Tumeaure and Russell's Public Water-supplies Svo, 5 00

Van Deventer's Physical Chemistry for Beginners. (Boltwood.) i2mo, 1 50
• Walke's Lectures on Explosives Svo, 4 00

Washington's Manual of the Chemical Analysis of Rocks Svo, 2 00

Wassermann's Immtme Sera: Heemolysins, Cytotoxins, and Precipitins. (Bol-
duan.) i2mo, X 00

Wells's Laboratory Guide in Qualitative Chemical Analysis Svo, i 50
Short Course in Inorganic Qualitative Chemical Analysis for Engineering

Students z2mo, i 50
Whipple's Microscopy of Drinking-water Svo, 3 50

Wiechmann's Sugar Analysis Small Svo. 2 50
Wilson's Cyanide Processes i2mo, i 50

Chlorination Process i2mo, 1 50
Wulling's Elementary C!ourse in Inorganic Pharmaceutical and Medical Chem-

istry z2mo, 2 00

CIVIL ENGIireERIHG.
BRIDGES AND ROOFS. HYDRAULICS. MATERIALS OF ENGINEERING

RAILWAY ENGINEERING.
Baker's Engineers' Surveying Instruments i2mo, 3 00

Bixby's Graphical Computing Table Paper 19^X34! inches. 25
*"* Burr's Ancient and Modem Engineering and the Isthmian CanaL (Postage,

27 cents additionaL) Svo, net, 3 50
Comstock's Field Astronomy for Engineers Svo, 250
Davis's Elevation and Stadia Tables Svo, i 00

Elliott's Engineering for Land Drainage i2mo, i 50
Practical Farm Drainage lamo, i 00

Folwell's Sewerage. (Designing and Maintenance.) Svo, 300
Freitag's Architectural Engineering. 2d Edition Rewritten Svo . 3 50

French and Ives's Stereotomy Svo, 2 50

Goodhue's Municipal Improvements z2mo, i 75

Goodrich's Economic Disposal of Towns' Refuse Svo, 3 50

Gore's Elements of Geodesy Svo, 2 50

Hayford's Text-book of Geodetic Astronomy Svo, 3 00

Bering's Ready Reference Tables (Conversion Factors) i6mo, morocco, 2 50



Howe's Retaioing Walls for Earth i2nio,

Johnson' s (J. B.) Theory and Practice oi Surveying. Small 8vo,

Johnson's (L. J.) Statics by Algebraic and Graphic Methods 8vo,

Laplace's Philosophical Essay on Probabilities. (Truscott and Emory.) i2mo,

Mahan's Treatise on Civil Engineering. (1873.) (Wood.) 8ito.

* Descriptive Geometry 8vo,

Merriman's Elements of Precise Surveying and Geodesy 8vo,

Elements of Sanitary Engineering 8voi

Merriman and Brooks's Handbook for Surveyors i6mo, morocco,

Rugent's Plane Surveying 8vo

Ogden's Sewer Design. izmo,

Patton's Treatise on Civil Engineering 8vo half leather.

Reed's Topographical Drawing and Sketching 4to,

Rideal's Sewage and the Bacterial Purification of Sewage 8vo,

Siebert and Biggin's Modem Stone-cutting and Masonry 8vo,

Smith's Manual of Topographical Drawing. (McMillan.) 8vo,

Sondericker's Graphic Statics, with Applications to Trusses, Beams, and
Arches. .,8vo,

Taylor and Thompson's Treatise on Concrete ,Plain and Reinforced, (/n prem.)
* Trautwine's Civil Engineer's Pocket-book i6mo, morocco.

Wait's Engineering and Architectural Jurisprudence 8vo,
Sheep,

Law of Operations Preliminary to Construction in Engineering and Archi-

tecture Svo,
Sheep,

Law of Contracts Svo,

Warren's Stereotomy—Problems in Stone-cutting, Svo,

Webb's Problems in the Use and Adjustment of Engineering Instruments.
z6mo, morocco,

• Wheeler's Elementary Course of Civil Engineering Svo,

Wilson's Topographic Surveying Svo,

BRIDGES AND ROOFS.
Boiler's Practical Treatise on the Construction of Iron Highway Bridges. .Svo,
• Thames River Bridge 4to, paper.

Burr's Course on the Stresses in Bridges and Roof Trusses, Arched Ribs, and
Suspension Bridges Svo, 3 50

Du Bois's Mechanics of Engineering. VoL II Small 4to, 10 00

Foster's Treatise on Wooden Trestle Bridges 4to, 5 00
Fowler's Coffer-dam Process for Piers Svo, 2 50

Ordinary Foundations Svo, 3 50
Greene's Roof Trusses Svo, i 25

Bridge Trusses Svo, 2 50
Arches in Wood, Iron, and Stone Svo, 2 go

Howe's Treatise on Arches Svo, 4 00
Design of Simple Roof-trusses in Wood and Steel Svo, 2 00

Johnsor^'^Bryan, and Tumeaure's Theory and Practice in the Designing of
Modern Framed Structures Sm^ 4to, 10 00

Merriman and Jacoby's Text-book on Roofs and Bridges:

Part I.—Stresses in Simple Trusses Svo,
Part n.—Graphic Statics Bvo,
Part ni,—Bridge Design. 4th Edition, Rewritten Svo,

Part IV.—Higher Structures Svo,

Morison's Memphis Bridge 4to,

Waddell's De Pontibus, a Pocket-book for Bridge Engineers. . . i6mo. morocco.
Specifications for Steel Bridges i2mo,

Wood's Treatise on the Theory of the Construction of Bridges and Roofs. Svo,

Wright's Designing of Draw-spans:

Part L —Plate-girder Draws 8vo,

Partll.—Riveted-truss fc^:. -in _ . _ . . 7
~

Two parts in one volume ...

z



HYDRAULICS.
Bazln's Experiments upon the Contraction of the Liquid Vein Issuing from an

Orifice. (Trautwine.) 8vo, ^ oo
Bovey'B Treatise on Hydraulics 8vo, s oo
Church's Mechanics of Engineering 8vo, 6 oo

Diagrams of Mean Velocity of Water in Open Channels paper, i 50

Coffin's Graphical Solution of Hydraulic Problems i6mo, morocco, -i 50

blather's Dynamometers, and the Measurement of Power i2mo, 3 00

Folwell's Water-supply Engineering 8vo, 4 00

Frizell's Water-power 8vo, 5 00

Fuertes's Water and Public Health i2mo, i 50

Water-filtration Works i2mo, 2 50

Ganguillet and Kutter's General Formula for the Uniform Flow of Water in

Rivers and Other Channels. (Hering and Trautwine.) 8to, 4 00

Hazen's Filtration of Public Water-supply Svo, 3 00

Hazlehurst's Towers and Tanks for Water-works 8vo, 2 50

Herschel's 115 Experiments on the Carrying Capacity of Large, Riveted, Metal

Conduits Svo, 2 00

Mason's Water-supply. (Considered Principally from a Sanitary Stand-

point.) 3d Edition, Rewritten 8vo, 4 00

Merriman's Treatise on Hydraulics. 9th Edition, Rewritten Svo, 5 00

* Michie's Elements of Analytical Mechanics Svo, 4 00

Schuyler's Reservoirs for Irrigation, Water-power, and Domestic Water-

supply Large Svo, s 00

** Thomas and Watt's Improvement of Riyers. (Post., 44 c. additional), 4to, 6 00

Tumeaure and Russell's Public Water-supplies Svo, 5 00

Wegmann's Design and Construction of Dams.. .' 4to, 5 00

Water-supply of the City of New York from i6sS to 1S95 4to, 10 00

Veisbach's Hydraulics and Hydraulic Motors. (Du Bois.) Svo, 5 00

Wilson's Manual of Irrigation Engineering Small Svo. 4 00

Wolfi's Windmill as a Prime Mover Svo, 3 00

Wood's Turbines Svo, 2 50

Elements of Analytical Mechanics Svo, 3 00

MATERIALS OP ENGINEERING.
Baker's Treatise on Masonry Construction Svo, 5 00

Roads and Pavements Svo, 5 00

Black's United States Public Works Oblong 4to, 5 00

Bovey's Strength of Materials and Theory of Structures Svo, 750
Burr's Elasticity and Resistance of the Materials of Engineering. 6th Edi-

tion, Rewritten Svo, 7 50

Byrne's Highway Construction Svo, 5 00

Inspection of the Materials and Workmanship Employed in Construction,
i6mo, 3 00

Church's Mechanics of Engineering Svo, 6 00

Du Bois's Mechanics of Engineering. Vol. I Small 4to, 7 50

Johnson's Materials of Construction^ Large Svo, 6 00

Fowler's Ordinary Foundations Svo, 3 50

Keep's Cast Iron '. Svo, 2 so

Lanza's Applied Mechanics Svo, 7 50

Martens's Handbook on Testing Materials. (Henning.) 2 vols Svo, 7 so

Merrill's Stones for Building and Decoration Svo, 5 00

Merriman's Text-book on the Mechanics of Materials Svo, 4 00

Strength of Materials i2mo, i 00

Metcalf's Steel. A Manual for Steel-users i2mo, 2 00

Patton's Practical Treatise on Foundations Svo, 5 00

Richey's Handbook for Building Superintendents of Construction, (/n pr^'-')

Rockurell's Roads and Pavements in France i2mo, i 25



Sabin's Industrial and Artistic Technology of Paints and Varnisli 8vo, 3 oo

Smith's Materials of Machines i2mo, i oo

Snow's Principal Species of Wood 8vo, 3 5°

Spalding's Hydraulic Cement i2mo, 2 oo

Text-book on Roads and Pavements i2mo, 2 00

Taylor and Thompson's Treatise on ConcretCi Plain and Reinforced. {In

press.)

Thurston's Materials of Engineering. 3 Parts 8vo» 8 00

Part 1.—Non-metallic Materials of Engineering and Metallurgy 8vo» 2 00

Part II.—Iron and Steel 8vo. 3 5©

Part III.—A Treatise on Brasses, Bronzes, and Other Alloys and their

Constituents 8vo, 2 50

Thurston's Text-book of the Materials of Construction 8vo, 5 00

Tillson's Street Pavements and Paving Materials 8vo, 4 00

Waddell's De Pontibus. (A Pocket-book for Bridge Engineers.) . . i6mo, mor., 3 00

Specifications for Steel Bridges i2mo, i 25

Wood's (De V.) Treatise on the Resistance of Materials, and an Appendix on

the Preservation of Timber 8vo, 2 oo

Wood's (De V.) Elements of Analytical Mechanics 8vo, 3 00

Wood's (M. P.) Rustless Coatings: Corrosion and Electrolysis of Iron and

Steel 8vo, 4 00

RAILWAY ENGINEERING.
Andrews's Handbook for Street Railway Engineers 3x5 inches, morocco, i 23

Berg's Buildings and Structures of American Raihoads 4to, 5 00

Brooks's Handbook of Street Railroad Location i6mo, morocco, i 50
Butts's Civil Engineer's Field-book i6mo, morocco, 2 50

Crandall's Transition Curve i6mo, morocco, i 50

Railway and Other Earthwork Tables 8vo, i 50

Dawson's "Engineering" and Electric Traction Pocket-book. i6mo, morocco, 5 00

Dredge's History of the Pennsylvania Raihoad: (1879) Paper, 5 00
* Drinker's TuuneUng, Explosive Compounds, and Rock Drills, 4to, half mor., 25 00

Fisher's Table of Cubic Yards Cardboard, 25

Godwin's Railroad Engineers' Field-book and Explorers* Guide .... i6mo, mor., 2 50

Howard's Transition Curve Field-book i6mo, morocco, i 50

Hudson's Tables for Calculating the Cubic Contents of Excavations and Em-
bankments 8vo, 1 00

Molitor and Beard's Manual for Resident Engineers i6mo, i 00

Nagle's Field Manual for Railroad Engineers i6mo, morocco, 3 00

Philbrick's Field Manual for Engineers i6mo, morocco, 3 00
Searles's Field Engineering x6mo, morocco, 3 00

Railroad SpiraL i6mo, morocco, i 50
Taylor's Prismoidal Formulae and Earthwork 8vo, i 50
* Trautwine's Method ot Calculating the Cubic Contents of Excavations and

Embankments by the Aid of Diagrams 8vo, 2 00
The Field Practice of Laying Out Circular Curves for Railroads.

i2mo, morocco.
Cross-section Sheet Paper,

Webb's Railroad Construction. 2d Edition, Rewritten i6mo, morocco,

Wellington's Economic Theory of the Location of Railways Small 8vo,

DRAWING.
Barr's Kinematics of Machinery 8vo,
* Bartlett's Mechanical Drawing .8vo,

* " Abridged Ed 8vo,

Coolidge's Manual of Drawing 8vo, paper,

CooUdge and Freeman's Elements of General Drafting for Mechanical Engi-

neers Oblong 4to.

Diirley's Kinematics of Machine^, 8vo,

2
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* Lyons's Treatise on Electromagnetic Phenomena. Vols. 1. and IL tfvo, eacli, 6 oo

* Michie. Elements of Wave Motion Relating to Sound and Light, 8vo, 4 00

Hiaudet's Elementary Treatise on Electric Batteries. (Fishoack.) i2mo, 250
* Rosenberg's Electrical Engineering. (HaldaneGee—Kinzbrunner.) 8to, i 50

Ryan* Norris* and Hozie's Electrical Machinery. VoL L Svo. 2 50

Thurston's Stationary Steam-engines Svo, 2 50
* Tillman's Elementary Lessons in Heat. Svo, i 50

Tory and Pitcher's Manual of Laboratory Physics Small Svo, 2 00

Ulke'ji Modem Electrolytic Copper Refining Svo, 3 00

LAW,
* Davis's Elements of Law Svo, 2 50
* Treatise on the Military Law ot United States Svo, 7 00
* Sheep, 7 so

Wanunl for Courts-martial i6mo, morocco, i 50

Wait's Engineering and Architectural Jurisprudence Svo, 6 00
Sheep, 6 50

Law of Operations Preliminary to Constructian in Engineering and Archi-

tecture Svo, 5 00
Sheep, s So

Law of Contracts Svo, 3 00

Winthrop's Abridgment of Military Law ismo, 2 so

MAHnFACTURES.

Bemadou'a Smokeless Powder—Nitro-cellulose and Theory of the Cellulose

Molecule i2mo, 2 50
Holland's Iron Founder i2mo, 2 50

" The Iron Founder," Supplement. i2mo, 2 so
Encyclopedia of Founding and Dictionary of Foundry Terms Used in the

Practice of Moulding ismo, 3 00
Eissler's Modem High Explosives Svo, 4 00
ESront's Enzymes and their Applications. (Prescott.) Svo 300
Fitzgerald's Boston Machinist iSmo, i 00
Ford's Boiler Malring for Bailer Makers iSmo, i 00
Hopkins's Oil-chemists' Handbook Svo, 3 00
Keep's Cast Iron 8vo, 2 so
Leach's The Inspection and Analysis of Food with Special Reference to State

ControL (/n preparation.)

Matthews's The Tejrtile Fibres Svo, 3 50
Metcalf's SteeL A Manual for Steel-users i2mo, 2 00
Metcalfe's Cost of Manufactures—And the Administration of Workshops,

Public and Private 8vo, s 00
Meyer's Modem Locomotive Construction 4to, 10 00
Morse's Calculations used in Cane-sugar Factories i6mo, morocco, i so
• Reisig's Guide to Piece-dyeing 8vo, 25 00
Sabin's Industrial and Artistic Technology of Paints and Varnish Svo, 3 00
Smith's Press-working of Metals gvo, 3 00
Spalding's Hydraulic Cement i2mo, 2 00
Spencer's Handbook for Chemists of Beet-sugar Houses 16mo, morocco, 300

Handbook for Sugar Manufacturers and their Chemists., .i6mo morocco, 2 00
Taylor and Thompson's Treatise on Concrete, Plain and Reinforced. (In

preaB.)

Thurston's Mantul of Steam-boilers, their Designs, Construction and Opera-
tion Svo, s 00

• Walke's Lectures on Explosives 8vo, 4 00
West's American Foundry Practice i2mo, 2 so

Moulder's Text-book , iimn. 1 ko



Wolffs WindTniU as a Prime Mover 8vo, 3 oo

Woodbury's Fire Protection of Mills 8vo, 2 so

Wood's Rustless Coatings: Corrosion and Electrolysis of Iron and Steel. . .8vo, 4 00

MATHEMATICS.

Baker's Elliptic Functions 8to, i 50
* Bass's Elements of Differential Calculus izmo, 4 00

Briggs's Elements of Plane Analytic Geometry i2mo, i 00

Compton's Manual of Logaritlimic Computations X2mo, 1 50

Oavis's Introduction to the Logic of Algebra Sto, i so
* Dickson's College Algebra Large i2mo, i 50
* Answers to Dickson's College Algebra 8vo, paper, 25

* Introduction to the Theory of Algebraic Equations Large izmo, i 25

Halsted's Elements of Geometry 8to, i 75

Elementary Synthetic Geometry 8vo. i 50

Rational Geometry i2mo,
* Johnson's (J, B.) Three-place Logarithmic Tables: Vest-pocket size, .paper, 15

100 copies for 5 00

* Mounted on heavy cardboard, 8 X 10 inches, 2S
10 copies for 2 00

Johnson's (W. W.) Elementary Treatise on Differential Calculus. . .Small 8vo, 3 00

Johnson's (W. W.) Elementary Treatise on the Integral Calculus. . Small 8vo, i so

Johnson's (W. W.) Curve Tracing in Cartesian Co-ordinates i2mo, i 00

Johnson's (W. W.) Treatise on Ordinary and Partial Differential Equations.

Small 8vo, 3 50

Johnson's (W. W.) Theory of Errors and the Method of Least Squares. . i2mo, i 50
* Johnson's (W. W.) Theoretical Mechanics i2mo, 3 00

Laplace's Philosophical Essay on Probabilities. (Truscott and Emory.) i2mo, 2 00
* Ludlow and Bass. Elements of Trigonometry and Logarithmic and Other

Tables 8vo, 3 00

Trigonometry and Tables published separately Each, 2 00
* Ludlow's Logarithmic and Trigonometric Tables 8vo, i 00

Uaurer's Technical Mechanics 8vo, 4 00

Herriman and Woodward's Higher Mathematics 8vo, 5 00

Merriman's Method of Least Squares 8vo, 2 00

Riceand Johnson's Elementary Treatise on the Differential Calculus. Sm.,8vo, 3 00

Differential and Integral Calculus. 2 vols, in one Small 8vo, 2 50

Wood's Elements of Co-ordinate Geometry 8vo, 2 00

Trigonometry: Analytical, Plane, and Spherical i2mo, x 00

MECHANICAL ENGmEERIHG,

MATERIALS OF ENGINEERING, STEAM-ENGINES AND BOILERS.

Bacon's Forge Practice i2mo, i 50

Baldwin's Steam Heating for Buildings x2mo, ^ so

Barr's Kinematics of Machinery Svo, 2 50
* Baxtlett's Mechanical Drawing Svo, 3 00

* " M
.1 AbrldgedEd Svo, i so

Benjamin's Wrinkles and Recipes i2mo, 2 00

Carpenter's Experimental Engineering '. Svo, 6 00

Heating and Ventilating Buildings Svo, 4 00

Cary's Smoke Suppression in Plants using Bituminous CoaL (/n prep-
aration.)

Clerk's Gas and Oil Engine Small Svo, 4 00

Coolidge's Manual of Drawing .- Svo, paper, i 00

Coolidge and Freeman's Elements of General Drafting for Mechanical En-
gineers Oblong 4to, 2 50
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Wood's (De V.) Treatise on the Resistance of Materials and an Appendix on
the Preservation of Timber 8vo,

Wood's (De V.) Elements of Analytical Mechanics 8vo,

Wood's (M. P.) Rustless Coatings: Corrosion and Electrolysis of Iron and Steel.

8vo,

STEAM-ENGII^S AITD BOILERS.

Camot's Reflections on the Motive Power of He?t. (Thurston.) i2iro, i so

Dawson's "Engineering" and Electric Traction Pocket-book. .'i6mo> mcr., 5 00

Ford's Boiler Making for Boiler Makers iSmo, i 00

Goss's Locomotive Spatks 8vo, 2 00

Hemenway's Indicator Practice and Steam-engine Economy izmo, 2 00

Hotton's Mechaoical EngineeiiiiK of Power Plants 8vo, 5 00

Heat and Heat-engines 8vo, s co

Kent's Steam-boiler Economy 8vo, 4 00

Kneass's Practice and Theory of the Injector 8vo, i 50

UacCord's Slide-valves 8vo, 2 00

Meyer's Modem Locomotive Construction 4to, 10 00

Peabody's Manual of the Steam-engine Indicator i2mo, i 50

Tables of the Properties of Saturated Steam and Other Vapors 8vo, i 00

Thermodynamics of the Steam-engine and Other Heat-engines 8vo, 5 00

Valve-gears for Steam-engines Svo, 2 50

Peabody and Miller's Steam-boilers Svo, 4 00

Pray'i Twenty Years with the Indicator Large Svo, 2 50

Pupln's Thermodynamics of Reversible Cycles in Gases and Saturated Vapors.
(Osterberg.) i2mo, i 25

Reagan's Locomotives : Simple* Compound, and Electric i2mo, 2 50
Rontgen's Principles of Thermodynamics. (Du Bois.) Svo, 5 00

Sinclair's Locomotive Engine Rurming and Management i2mo, 2 00

Smart's Handbook of Engineering Laboratory Practice i2mo, 2 50

Snow's Steam-boiler Practice Svo, 3 00

Spangler's Valve-gears Svo, 2 50

Notes on Thermodynamics i2mo, i 00

Spangler, Greene, and Marshall's Elements of Steam-engineering Svo, 3 00

Thurston's Handy Tables Svo, i 50

Manual of the Steam-engine 2 vols,. Svo, 10 00

Part I.—History, Structuce, and Theory Svo, 6 00

Part n.—Design, Construction, and Operation Svo, 6 00

Handbook of Engine and Boiler Trials, and the Use of the Indicator and
the Prony Brake Svo, 5 00

Stationary Steam-engines Svo, 2 50

Steam-boiler Explosions in Theory and in Practice i2mo, i 50

Manualof Steam-boilers, Their Designs, Construction, and Operation. Svo, 5 oo

Weisbach's Heat, Steam, and Steam-engines. (Du Bois.) Svo, 5 oo

Whitham's Steam-engine Design Svo, s 00

Wilson's Treatise on Steam-boilers. (Flather.) i6mo, 2 50

Wood's Thermodynamics Heat Motors, and Refrigerating Machines, . . .Svo, 4 00

MECHANICS AND MACHINERY.

Barr's Kinematics of Machmery Svo, 2 50

Bovey's Strength of Materials and Theory of Structures Svo, 7 50

Chase's The Art of Pattern-making i2mo, 2 so

ChordaL—Extracts from Letters i2mo, 2 00

Church's Mechanics of Engineering Svo, 6 00
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Church's Notes and Examples in Mechanics 8vo, 2 oo

Compton's First Lessons in Metal-working i2nio, i 50

Compton and De Groodt's The Speed Lathe izmo. i 50

Cromwell's Treatise on Toothed Gearing izmo, i 50

Treatise on Belts and Pulleys izmo, i 50

Dana's Text-book of Elementary Mechanics for the Use of Colleges and
Schools i2mo, I so

Dingey's Machinery Pattern Making i2mo, 2 00

Dredge's Record of the Transportation Exhibits Building of the World's

Columbian Exposition of 1893 4to half morocco, 5 00

Du Bois's Elementary Principles of Mechanics:

VoL I.—Kinematics 8vo, 3 So

Vol. n.—Statics 8vo, 4 00

Vol. m.—Kinetics 8vo, 3 SO
Mechanics of Engineering. Vol. I Small 4to, 7 So

VoL n. Small 4to, 10 00

Durley's Kinematics of Machines 8vo, 4 00

Fitzgerald's Boston Machinist i6mo. i 00

Flather's Dynamometers, and the Measurement of Power x2mo, 3 00

Rope Driving i2mo, 2 00

Ooss's Locomotive Sparks 8vo, 2 00

Hall's Car Lubrication i2mo, i 00

Holly's Art of Saw Filing iSmo, 75
* Johnson's (W. W.) Theoretical Mechanics i2mo, 3 00
Johnson's (L. J.) Statics by Graphic and Algebraic Methods 8vo, 2 00

Jones's Machine Design:

Part 1.—Kinematics of Machinery 8vo, i 50
Part n.—Form, Strength, and Proportions of Parts 8vo, 3 oo

Kerr's Power and Power Transmission 8vo, 2 00
Lanza's Applied Mechanics 8vo, 7 50
Leonard s Machine Shops, Tools, and Methods, (/n prut.)

MacCord's Kinematics; or. Practical Mechanism 8vo, s 00
Velocity Diagrams 8vo, i 50

Maurer's Technical Mechanics 8vo, 4 00
Herriman's Text-book on the Mechanics of Materials 8vo, 4 00
* Hlchie's Elements of Analytical Mechanics 8vo, 4 00
Reagan's Locomotives: Simple, Compound, and Electric lamo, 2 50
Reid's Course in Mechanical Drawing 8vo, 2 00

Text-bookof Mechanical Drawing and Elementary Machine Design. .8vo, 3 00
Richards's Compressed Air i2mo, i 50
Robinson's Principles of Mechanism 8vo, 3 00
Ryan, Norris, and Hoxie's Electrical Machinery. Vol. 1 8vo, 2 50
Schwamb and Merrill's Elements of Mechanism 8vo, 3 00
Sinclair's Locomotive-engine Running and Management i2mo, 2 00
Smith's Press-working of Metals 8vo, 3 00

Materials of Machines lamo, i 00
Spangler, Greene, and Marshall's Elements of Steam-engineering 8vo, 3 00
Thurston's Treatise on Friction and Lost Work in Machinery and Mill

Work 8vo, 3 00
AnimalasaMachine andPrimeMotor,and the Lawsof Energetics. i2mo, i 00

Warren's Elements of Machine Construction and Drawing 8vo, 7 50
Weiabach's Kinematics and the Power of Transmission. (Herrmann

—

Klein.) 8vo, s 00
Machinery of Transmission and Governors. (Hemnann—-Klein.).8vo, 5 00

Wood's Elements of Analytical Mechanics 8vo, 3 00
Principles of Elementary Mechanics lamo, i 25
Turbines 8vo, 2 50

The World's Columbian Exposition of i8g3 , 4to, i 00



METALLURGY.
Egleston's Metallurgy of Silver, Gold, and Merctiry:

VoL I.—Silver 8vo, 7 So

VoL n.—Gold and Mercury 8vo, 7 So
** lles's Lead-smelting. (Postage 9 cents additionaL) i2mo, 2 50

Keep's Case Iron 8vo, 2 so

Kunhardt's Practice of Ore Dressing in Europe 8to, i 50

Le Chatelier's High-temperature Measurements. (Boudouard—Burgess.) . lamo, 3 00

Metcalf's SteeL A Manual for Steel-users i2mo, 2 00

Smith's Materials of Machines i2mo, i 00

Thurston's Materials of Engineering. In Three Parts 8vo, 8 00

Part n.—Iron and Steel 8vo, 3 so
Part m.—A Treatise on Brasses, Bronzes, and Other Alloys and their

Constihients 8vo, 2 50

dike's Modem Electrolytic Copper Refining 8vo, 3 00

MHIERALOGY.
Barringer's Description of Minerals of Commercial Value. Oblong, morocco, 2 50

Boyd's Resources of Southwest Virginia 8to, 3 00

Map of Southwest Virginia Pocket-book form, 2 00

Brush's Manual of Determinative Mineralogy. (Penfield.) Svo, 4 00

Chester's Catalogue of Minerals Svo, paper, i 00
Cloth, I 2S

Dictionary of the Names of Minerals Svo, 3 so

Dana's System of Mineralogy Large Svo, half leather, 12 so

First Appendix to Dana's New "System of Mineralogy." Large Svo, i co

Text-book of Mineralogy Svo, 4 00

Minerals and How to Study Them. i2mo, i 50

Catalogue of American Localities of Minerals Large Svo, i 00

Manual of Mineralogy and Petrography.*; i2mo, 2 00

Douglas's IJntechnical Addresses on Technical Subjects i2mo, i 00

Eakle's Mineral Tables. Svo, i 25

Egleston's Catalogue of Minerals and Synonyms Svo, 2 so

Hussak's The Determination of Rock-forming Minerals. (Smith.) Small Svo, 2 00

Ueriill's Non-metallic Minerals: Their Occurrence and Uses. Svo, 400
* Penfield's Notes on Determinative Mineralogy and Record of Mineral Tests.

Svo, paper, o 50

Rosenbuscb's Microscopical Physiography of the Rock-making Minerals.

(Iddings.) Svo, s 00

* Tillman's Text-book of Important Minerals and Docks Svo, 2 00

Williams's Manual of Lithology Svo, 3 00

MimnG.
Beard's Ventilation of Mines lamo, 2 so

Boyd's Resources of Southwest Virginia Svo, 3 00

Map of Southwest Virginia Pocket-book form, 2 00

Douglas's Untechnical Addresses on Technical Subjects x2mo, i 00
V Drinker's Tunneling, Explosive Compounds, and Rock Drills.

4to, half morocco, 25 00

Eissler's Modem High Explosives Svo, 4 00

Fowler's Sewage Works Analyses z2mo, 2 00

Goodyear's Coal-mines of the Western Coast of the United States i2mo, 2 so

Ihlseng's Manual of Mining Svo, 4 00

** Ues's Lead-smelting. (Postage qc. additionaL) i2mo, 2 so

Kunhardt's Practice of Ore Dressing in Europe Svo, i 50

G'Driscoll's Notes on the Treatment of Gold Ores Svo, 2 00

* Walke's Lectures on Explosives Svo, 4 00

Wilson's Cyanide Processes lamo, i so

Chlorination Process izmo, i so
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Wilson's Hydraulic and Placer Mining lamo, 2 00
Treatise on Practical and Theoretical Mine Ventilation i2nio, i 25

SANITARY SCIENCE.

Folwell's Sewerage. (Designing, Construction, and Maintenance.) Svo, 3 00

Water-supply Engineering 8vo, 4 00

Fuertes's Water and Public Health i2mo, i 50
Water-filtration Works i2nio, 2 50

Gerhard's Guide to Sanitary House-inspection z6mo, i 00

Goodrich's Economical Disposal of Town's Refuse Demy 8vo, 3 5o

Hazen's Filtration of Public Water-supplies 8vo, 3 00

Leach's The Inspection and Analysis of Food with Special Reference to State

Control. 8vo, 7 50
Mason*s Water-supply. (Considered Principally from a Sanitary Stand-

point.) 3d Edition, Rewritten
_ 8vo, 4 00

Examination of Water. (Chemical and Bacteriological.) Z2mo, i 25
Merriman's Elements of Sanitary Engineering 8vo, 2 00
Ogden's Sewer Design i2mo, 2 00
Prescott and Winslow's Elements of Water Bacteriology,with SpecialReference

to Sanitary Water Analysis i2mo, i 25
* Price's Handbook on Sanitation i2mo, i 50
Richards's Cost of Food. A Study in Dietaries i2mo, i 00

Cost of Living as Modified by Sanitary Science i2mo, i 00
Richards and Woodman's Air, Water, and Food from a Sanitary Stand-

point 8vo, 2 00
* Richards and Williams's The Dietary Computer 8vo, t 50
Rideal's Sewage and Bacterial Purification of Sewage 8vo, 3 50
Turneaure and Russell's Public Water-supplies 8vo, 5 00
Von Behring's Suppression of Tuberculosis. (Bolduan.) i2mo, i 00
Whipple's Microscopy of Drinking-water 8vo, 3 50
Woodhull's Notes and Military Hygiene i6mo, 1 50

MISCELLANEOUS.
Emmons's Geological Guide-book of the Rocky Mountain Excursion of the

International Congress of Geologists Large 8vo, i 50
Ferrel's Popular Treatise on the Winds 8vo, 4 00
Haines's American Railway Management i2nio 2 50
Mott's Composition, Digestibility, and Nutritive Value of Food, Mounted chart, t 25

Fallacy of the Present Theory of Sound i6mo, i 00
Ricketts's History of Rensselaer Polytechnic Institute, 1824-1894. Small 8vo, 3 00
Rostoski's Serum Diagnosis. (Bolduan.) i2mo, i 00
Rotherham's Emphasized New Testament Large 8vo, 2 00
Steel's Treatise on the Diseases of the Dog 8vo. 3 50
Totten's Important Question in Metrology 8vo, 2 50
The World's Columbian Exposition of 1893 4to, 1 00
Von Behring's Suppression of Tuberculosis. (Bolduan.) i2mo, i 00
Worcester and Atkinson. Small Hospitals, EstabUshment and Maintenance,

and Suggestions for Hospital Architecture, with Plans for a Small
Hospital i2mo, i 25

HEBREW AND CHALDEE TEXT-BOOKS.
Green's Grammar of the Hebrew Language 8vo, 3 00

Elementary Hebrew Grammar i2mo, 1 25
Hebrew Chrestomathy gyo^ 2 00

Gesenius's Hebrew and Chaldee Lexicon to the Old Testament Scriptures.

fTregelles.) Small 4to, half morocco, 5 00
Letteri^*^ Hebrew Bible 8vo 2 25
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